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1v
NOTATION AND CONVENTION

Units are chosen such that the Newtonian gravitational constant G, the

speed of light ¢, and # =/i/2x with s the Planck's constant are equal to unity:
G=c=h =1

Round brackets indicate full symmetrization, while square brackets denote

full anti-symmetrization over the indices enclosed:

1
Ayy = E(Au + Aﬁ)

1
A[iik] = E (Aijk - Ail:j + A T A jik)

A comma, a semicolon, and a dot respectively denote a directional

derivative, a covariant derivative, and a differentiation with respect to the

argument.
SUSY stands for Supersymmetry,
NUT stands for Newman-Unti-Tamburino,
RN stands for Reissner-Nordstrom,
NUT-RN stands for NUT-Reissner-Nordstrom,
NUT-KN stands for NUT-Kerr-Newman,
ANUTKNK stands for Hot NUT-Kerr-Newman Kasuya,
BRST stands for Becchi-Rouet Stora-Tyutin,

QFTs stands for Quantum Field Theories.



ABSTRACT

This thesis is organized as follows.

In Introduction we give a brief account of our work of studying spinning

particles in curved spacetime of General Relativity.

In Chapter I we discuss the relevant equations for the motion of spinning
particles in curved spacetime. We present the generalized Killing equations for

spinning space and describe the constants of motion.

In Chapter II we derive the constants and the equations of motion for
spinning particles moving in the Schwarzschild spacetime. We discuss various

types of orbits and describe exact solutions in a plane.

In Chapter III we extend the work of Chapter II in the Reissner-Nordstrom
spacetime, which is the Schwarzschild spacetime generalized with a charged
parameter and then further extend this work in the Reissner-Nordstrom spacetime
generalized with a NUT (or magnetic mass) parameter. In the Reissner-Nordstrom
spacetime we investigate the motion of spinning particles on a plane for bound

state orbits, while in the NUT-Reissner-Nordstrom spacetime we analyze the

motion on a cone and on a plane.
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In Chapter I'V we study "nongeneric" supersymmetries of spinning particles
in a curved spacetime. We present a general analysis of the conditions under
which this type of supersymmetries appear, and describe Poisson-Dirac algebra of

the resulting set of charges.

All members of the Kerr-Newman family of black-hole solutions admit a
"nongeneric" supersymmetry. In Chapter V we describe this new supersymmetry

along with the corresponding conserved quantity in the Kerr-Newman spacetime.

In Chapter VI we extend the work of Chapter V in the NUT-Kerr-Newman
spacetime, which includes the Kerr-Newman black-Hole spacetime as well as

NUT spacetime, which is sometimes considered as unphysical.

In Chapter VII we extend further the work of Chapter VI in the NUT-Kerr-
Newman spacetime generalized with an extra magnetic monopole charge and a

cosmological constant.

Finally, we present a discussion on our study at the end of this thesis.
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INTRODUCTION

In recent years there has been a renewed interest in the study of the motion
of spinning particles in curved spacetime. The action of spin-//2 relativistic
particle with spinning degrees of freedom characterized by anti-commuting
Grassmann [1, 2] variables was first proposed by Berezin and Marinov [3, 4] and

soon after that was discussed and investigated by many authors [5—14].

In spite of the fact that the anti-commuting Grassmann variables do not
admit a direct classical interpretation, the Lagrangians for these models have a
natural interpretation in the context of the path-integral description of the quantum
dynamics. The pseudo-classical equations of motion acquire physical meaning
when averaged over the inside of the functional integral [3, 4, 25]. In the semi-
classical (classical metric with quantized matter) regime, neglecting higher order
quantum correlations, it should be admissible to replace appropriate combinations
of Grassmann spin—variables by real numbers, to obtain the corresponding
quantum mechanical expectation values. These ideas have been used to study the

motion of spinning particles in external fields in refs. [3, 4, 16-26].

In addition to such direct physical applications, generalizations of
Riemannian Geometry based on anti—~commuting variables have been found to be
of wide mathematical interest. This interest is mainly raised by supersymmetry

[27-44] and supergravity [38-53] —local version of supersymmetry — theories.



Supersymmetric point particle mechanics has found applications in the area of
index theorem; for example, Witten's index [54], which exists in the context of
N2/ supersymmetric quantum field theories (QFTs) in any dimension, is an
effective tool in addressing questions of supersymmetry breaking, while the
supersymmetric index for N=2 supersymmetric QFTs in two dimensions is related
to the geometry of the vacua [55,56]. In addition, the BRST
(Bechhi—Rouet—Stora—Tyutin) [57, 58] methods, in which the gauge symmetry is
replaced by a global fermionic symmetry in an extended phase space consisting of
the original phase space together with the ghost variables and their momenta, are
widely used in the study of topological invariants. For all of these reasons, the
study of the geometry of graded pseudo—manifolds with both real number and

Grassmann coordinates is well justified.

Recently, Rietdijk [59], Rietdijk et al. [60] and van Holten et al. [61]
investigated the general relations between symmetries of graded pseudo-manifolds
and constants of motion for spinning point particles in detail. These methods may
be applied to any spacetime. More recently, Rietdijk and van Holten [62] studied
spinning point particles in the Schwarzschild spacetime, Visinescu [63, 64],
Vaman and Visinescu [65-67], van Holten [68] and Baleanu [69~72] investigated

pseudo-classical spinning particles in the Taub~NUT spacetime.

In this thesis we would.like to study spinning particles in the black—holc

spacetime as well as in the spacetimes which are not black—hole spacetimes but



have common feature with the black—hole spacetimes that they have horizons. We

arrange our study in seven chapters as follows.

In Chapter I we would like to summarize the relevant equations for motion
of pseudo—classical spinning point particles in curved spacetime along with their

physical interpretation. We apply the generalized Killing equations derived in [60]

for spinning space to describe constants of motion.

In Chapter IT we would like to review the work of Rietdijk and van Holten
[62] of investigating the motion of pseudo—classical spinning point particles in the
Schwarzschild spacetime. We describe the full set of first integrals of motion and

present an exact solution for planar orbits.

In Chapter 111 we extend the work of Chapter II to the Reissner—Nordstrom
spacetime [73], which is the Schwarzschild spacetime generalized with a charged
parameter, and then further extend this work to the Reissner—Nordstrom spacetime
generalized with a NUT parameter, which has the interpretation of a gravitational
magnetic monopole [74 — 79]. Our work may be interesting from the point of view
of N=2 supergravity as well as string theory. Spacetime supersymmetry has
previously been applied to charged black hole in the context of N=2 supergravity
theory [80]. The string theory gives birth to general relativity at the linearized
level in the low energy limit [81]. The NUT-Reissner-Nordstrom spacetime
includes the NUT spacetime,. which is sometimes considered as unphysical.

According to Misner {82], the NUT spacetime is one which does not admit an



interpretation without a periodic time coordinate, a spacetime without reasonable
spacelike surfaces, and an asymptotically zero curvature spacetime, which
apparently does not admit asymptotically rectangular coordinates. McGuire and
Ruffini [83] suggested that the spacetimes endowed with NUT parameter should
never be directly physically interpreted. So the study of pseudo-classical spinning

particles in the NUT-Reissner-Nordstrom spacetime is interesting.

Spinning particles in curved spacetimes can have ‘'"nongeneric"
supersymmetries (SUSYs) [80, 84-86]. The appearance of such SUSYs depends
on the specific form of the metric tensor. In ref. [80] Gibbons et al. presented a
systematic analysis of investigating "nongeneric" SUSY's of classical spacetime in
terms of the motion of pseudo-classical spinning point particles in a curved
Lorentzian manifold. This new SUSY is generated by the square root of bosonic
constants of motion other than ‘éhe Hamiltonian. We would like to review the work
of Gibbons ef al. {80] in Chapter IV. We summarize the formalism of pseudo-
classical spinning point particles in an arbitrary background spacetime and

describe "nongeneric" SUSY along with the other (universal) symmetries and give

their algebras.

The existence of a "nongeneric" SUSY is closely related to the appearance
of Killing—Yano tensors [87] of the bosonic manifold. Although there are not so
many physically interpretable-spacetimes in which Killing-Yano tensors exist

[88-90], the Kerr—-Newman [80, 91] and Taub-NUT [64, 68, 72] spacetimes admit



Killing—Yano tensors and hence they have "nongeneric" SUSYs. In Chapter V we
would like to review the work of investigating "nongeneric" SUSY and the

corresponding conserved quantity in the Kerr—Newman spacetime [80].

In Chapter VI we would like to extend the work of Chapter V to the
Kerr-Newman spacetime generalized with a NUT (or magnetic mass) parameter
[92]. This study is interesting in that the spacetime contains the unphysical NUT

spacetime.

In Chapter VII we further extend the work of Chapter VI to the NUT-Kerr-
Newman-Kasuya-de Sitter spacetime, which is the NUT-Kerr-Newman spacetime
generalized with an extra magnetic monopole charge and a cosmological constant.
The monopole hypothesis was propounded by Dirac relatively long ago. The
ingenious suggestion by Dirac that magnetic monopole does exist was neglected
due to the failure to detect such particle. However, in recent years the development
of gauge theories has shed new light on it. On the other hand, in recent years there
has been a renewed interest in cosmological constant as the cosmological constant
is found to be present in the inflationary scenario of the early universe. In this
scenario the universe undergoes a stage where it is geometrically similar to de
Sitter spacetime [93]. Among other things inflation has led to the cold dark matter.
According to cold dark matter theory, the bulk of the dark matter is in the form of
slowly moving particles (axions or neutralinos). If the cold dark matter theory

proves correct, it would shed light on the unification of forces [94, 95]. In view of



these interests in the cosmological constant and because of the presence of
magnetic monopole charge our study of this Chapter is interesting. Since the de
Sitter spacetime has been interpreted as being hot [96], we shall call the spacetime

the hot NUT-Kerr-Newman-Kasuya (H-NUT-KN-K) spacetime.

Finally, we present a discussion on our work at the end of this thesis.



CHAPTERI

MOTIONS OF SPINNING PARTICLES IN
CURVED SPACETIME

1.1. INTRODUCTION

The configuration space of spinning particles (spinning space) is an

extension of a (pseudo-) Euclidean manifold, described by local coordinates {x"},

to a graded manifold described by local graded coordinates {x,w#} with the first
set of wvariables being Grassmann-even (commuting) and the second set
Grassmann-odd (anti-commuting). Geodesic flow along time-like curves of such a
graded manifold with Minkowskian signature (+ — — —) describes the classical
limit of the motion of a relativistic point-like Dirac particle, which carries a spin

§=h/2 in quantum mechanics [4, 7-9, 14].

We arrange this chapter as follows. In section 1.2 we summarize the
relevant equations for the motion of spinning particles in curved spacetime, and
briefly discuss their physical interpretation. In section 1.3 we discuss the relation
between symmetries of the spinning space and conservation laws, and describe the
generalized Killing equations for spinning space. In section 1.4 we discuss the

derivation of "generic" constants of motion in terms of the solutions of the

generalized Killing equations.



1.2. SPINNING SPACE

Einstein's theory of gravity suggests that the world-lines of élassical point
particles in a curved spacetime are time-like geodesics. As geodesics are curves of
extremal length, the equation for the world-liﬁe of a point particle can be derived
from an action principle, with the action any smooth monotonic function of the

spacetime interval along the curve
ds? = g,,, (x)dx"dx* =~ dz?, (1.2.1)

Here, dr is the corresponding interval of proper time. The last equality holds only

in the absence of external forces, like electromagnetic dipole forces [24].

In spinning space the additional fermionic dimensions are characterized by
vectorial Grassmann coordinates y# . Since the number of bosonic and fermionic
dimensions is the same, and the coordinates w* transform as 1-forms dx”, there
can exist a supersymmetry in the geometry of the graded manifolds, which relates

each x* with the corresponding w* , according to

Mt =-iey*, ot =ext | ' (1.2.2)

where the overdot denotes a derivative with respect to proper time, d/dr. A

manifestly supersymmetric action that defines the extremal trajectories

("geodesics") of spinning space is given by



Y

2 .
_ 1 v b uw Dy’ (1.2.%)
s=m J'dr(zg,,v(x)x vl 25

/

where the constant #2 has the dimension of mass. In the following we consider
particles of unit mass: »2 = I, but occasionally we re-instate the explicit mass
dependence when this is physically relevant. The capital derivative denotes
covariant derivative with respect to proper time and it is defined by

Dy*

vl ut + AT v (1.2.4)

Under a general variation of the co-ordinates (&*, § w#) the action S changes by

2

2_v .
oS = jd‘l‘{—-é‘x‘u [gﬂv %:2 +%!//KWARKA}IVXVJ

/

v d .
+idyyg,, by +—[5x”/::ﬂ ~é5w”gva")}, (1.2.5)

Dt dr

where the canonical momentum is
= sy 1 . ., A
Py _' gyv X = El F,umlw v (126)

and R, is the Riemann curvature tensor, while Ay* is the covariantized

variation of w*:

Ay = Sy* +&A TF v (1.2.7)
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The trajectories, which make the action § stationary under arbitrary variations &

and Sy # vanishing at the end points, are given by

2 u
[1)3:2 =x4+rf, 2 =’§“"’KW4RM’U 2, (1.2.8)

H
Dy _g (1.2.9)

Dt

The solutions of equations (1.2.8) and (1.2.9) for x*(z7), with replacing y* by zero

everywhere, give ordinary geodesics in the bosonic submanifold.

More interesting solutions are those for which one or more components *
are different from zero. We briefly discuss the physical interpretation of such

solutions in the following. The anti-symmetric tensor

SH = —jyty” (1.2.10)

describes the relativistic spin of the particle [4, 7, 12, 16, 24, 25], and
correspondingly equations (1.2.8) and (1.2.9) describe the classical motion of a
Dirac particle. Equation (1.2.8) then becomes

Dix* ]

> ::___SKAR—/JV 'V. ) 9.
ST =SS R (1.2.11)

It implies the existence of a spin-dependent gravitational force [16, 17, 20, 24-26]
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analogous to the electromagnetic Lorentz force,

o9 pu gy (1.2.12)
m

with the spin-polarization tensor replacing the scalar electric charge (here for unit

mass). Equation (1.2.9) suggests that the spin 1s covariantly constant:

DS*Y _
Dt

0. - (1.2.13)

The space-like components S’/ of the spin tensor are proportional to the particle's
magnetic dipole moment, while the time-like components $’ represent the electric
dipole moment. For free Dirac particles like free electrons and quarks (the ultimate
constituents of hadrons) the time-like spin components (electric dipole moment)

vanish in the rest frame. This gives a covariant constraint

g, (x)S# 3% =, (1.2.14)

which, in terms of the Grassmann coordinates, is equivalent to

G (X5 = 0. (1.2.15)

This constraint has an elegant interpretation in the supersymmetry analysis. We

shall return to this point in section 1.4 below.
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An interesting consequence of equation (1.2.11) is that for real $* one can
measure the spin directly via its coupling to the gravitational field, instead of

indirectly by determining its associated electromagnetic dipole moments.

1.3. SYMMETRIES AND GENERALIZED KILLING EQUATIONS

In classical mechanics there is a well-known relation between symmetrics
of the configuration space and conservation laws, as expressed by Noether's
theorem. In case of a scalar point particle, moving in an arbitrary curved
spacetime, this relation can be summarized as follows. The geodesic law of motion

of the particle can be derived from an action principle. The simplest form of the

action 1s
2
1
S= J.drggm,(x)x”j:". (1.3.1)
/

If this action be invariant under the transformations

ot =¥ (x, x)=R" (x)+x-vav(x)+§x"xl Fu(x)+ ., (1.3.2)

then the quantity

v

F e 2)=TO(x)+ 50 g (x)+§5cﬂxvj(2) (x)

+—1—,1"‘”,\"Vi"1J(3)

% o (x)+ (13.3)
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is a constant of motion [61]. The necessary and sufficient conditions for this are

that the differential equations,

70 -0, (1.3.4)

(/Jl e Hp i )”u+l)

in which the parentheses denote full symmetrization over all indices enclosed.

with total weight one, have to be satisfied for

Jb (x)= La (x) etc. (1.3.5)

LvA

Explicit forms of the equations in (1.3.4) are

ARE) (1.3.6)
Ry =0, | (1.3.7)
K(;:v;l) =0, elc. ' (1.3.8)

Equation (1.3.6) implies that J is an irrelevant constant. Equation (1.3.7) is the
standard equation for Killing vectors, while equation (1.3.8) and its higher-rank
counterparts constitute tensorial generalizations of this equation. Because of this.

one refers to K,,, and higher-rank tensors satisfying (1.3.4) as Killing tensors.



14

We now generalize the above statements to the graded configuration space
(spinning space) of spinning point particles. For this purpose it is necessary to
consider specific variations &* and Aw# which leave the action (1.2.3) invariant

modulo boundary terms. Let us take the variations to be of the form

Bt = 5y )= RO (g4 Y LR (),

Yy

n=1{

Ayt = ¥ (x, %,y )=S0 (x, W*Zi/ pad ...x”sﬁf_?f; (x,w) (1.3.9)
n. n

n=/

and the Lagrangian transform into a total derivative

2

o8 = J‘d‘r?id——(éx”/:zﬂ - %5(//” gy’ =7 (%, )'c,y/)), : (1.3.10)
T

!

where /2, is the canonical momentum conjugate to x*, defined in (1.2.6). Then it

follows that

(1.3.11)

as Dix¥ i Dy"
—="%‘u( v 2 +2 *

K. A LV
- R + 7H
dr vV Rau® J I "Dy

If the equations of motion (1.2.10), (1.2.11) are satisfied, the right-hand side of

(1.3.11) vanishes. Hence the quantity # is conserved. This is Noethef’s theorem.
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If we expand ./ (x, % w) in terms of the four-velocity,

]

S i) =T (5, p) + Zix*'l it g (),
n! K-ty

n=/

(1.3.12)

and compare the left- and right-hand sides of equation (1.3.11) with the ansatz

(1.3.9) for &* and Aw*, then the result gives the following identities:

() _ pln)
I w)=Ry (y)nzl, (1.3.13)
and
aJ(")
s . uw)= i—;—y’/";’i(x.w), nz0. (1.3.14)

These quantities satisfy a generalization of the Killing equations of the form [60]

J(") .
{n) (#1).1t, o x _ b« a+l) V¥
J b L TV =S Ry, T (1.3.15)

(v”l"'l“u '.ﬂni»f) awc'

If one substitutes as before Rf,’) =R, Rfﬁ) =K, R;(,j.}x =L, etc., and JS¥=B, then

this reduces for the lowest components to

OB P
B, +5W—GF;’K = —Z-zypz//"Rpm,R", (1.3.16)

R aR(,,], o ox_ i p g x
(u: v)+ vk ¥V =3V/ 4 Rpo-K(”KV) s (13]7)



16

aK( v s l I
aw;“ r,l')jw =3WP1//C’RMK(”LM) , elc. (1.3.18)

K(,uv,'}.) +

These equations hold independently of the equations of motion. In the purely
bosonic (y-independent) case, these equations reduce to equations (1.3.6)-(1.3.8).
We note that, contrary to the bosonic case, the Killing scalar B(x,w):J(o)(x,y/) s

. : . ,
not always an irrelevant constant, because it can depend non-trivially on x* and

w” , as described in the equation (1.3.16).

1.4. GENERIC SOLUTIONS

In contrast to scalar particles, spinning particles admit several conserved
quantities of motion in a curved spacetime with metric g4,4x). We can divide them
into two classes. First, there are conserved quantities which exist in any theory,
even though the specific functional form may depend on the metric g,(x); these
are called "generic" constants of motion. The second kind of conserved quantities

result from the specific form of the metric g,/x). These are model-dependent, and

hence are called "nongeneric". -

For spinning-particle models as defined by the action (1.2.3) there exist

four independent "generic" constants of motion [60, 61]. We are going to describe

them in the following:



1. Similar to the bosonic case the metric g,(x) itself is a Killing tensor:
K =G4 (1.4.1)

with all other Killing vectors and tensors (bosonic as well as fermionic) equal to

zero. The corresponding constant of motion is the world-line Hamiltonian
HxP)=Lgmp p (1.4.2)
X, = Eg ulv o A
where P, is the covariant momentum defined by
' !, K, A
P, =p, +51F#ut,1/ w. (1.4.3)

2. The Grassmann-odd Killing vectors

RE =y* T, =i6,", (1.4.4)

provide another obvious solution. Here again all other Killing vectors and tensors

are equal to zero. This solution gives the supercharge

0=Py". (1.4.5)

3. In addition, the spinning particle action has a second non-linear

supersymmetry, generated by Killing vectors

Jfd 72
= —! ] v

R;I m —gg'”""'-"d-il// “.(//v,,_,'



l-[(d—z)/z]

_ [ NEACTEN 1.4.0)
T,uv - (d __2)1 gg,uvvl.,.v,,__u!// b 4 (

Obviously, the Grassmann parities of (R, T,,) depend on d, the number of
spacetime dimensions. The corresponding constant of motion is the dual

supercharge

_ i[’“z]

0"~

R (1.4.7)

4. Finally, there is a non-trivial Killing scalar

'_i[d/z]

r=J9= o N=96, W, (1.4.8)

which acts as the Hodge star duality operator on y#. In quantum mechanics it
becomes the ¥/ element of the Dirac algebra. Because of this reason /% is

referred to as the chiral charge.

From the fundamental Dirac brackets,

U _ sH
{x ‘/gv}_ 5 v
. v

v =-ig

ngglrﬂ.,,uwl ’

o |~

v )=
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1 . KV ag
{/3,,:/%}=-;zg Gp oV W (1.4.9)

one can find the following non-trivial Dirac brackets between these universal

constants of motion:

{0.0}=-2iH, (0, =-i0". (1.4.10)

For d=2, Q" becomes linear and acts as an ordinary supersymmetry:

{Q"Q'}=—2iH, {Q',Fﬁ}=—iQ. (1.4.11)

This implies that the theory in two dimensions possesses an N=2 supersymmetry.
In the case of d=2, the right-hand side of equations (1.4.11) is to be replaced by

ZEero.

The conservation of the supercharge ( is actually crucial for the
consistency of the physical interpretation of the theory. In fact, the condition for
the absence of an intrinsic electric dipole moment of physical fermions like
leptons (the lighter particles such as electron muon, tau, etc.) and quarks as

formulated in (1.2.15) becomes

0=0. (1.4.12)

Since () is a conserved quantity, condition (1.4.12) can be satisfied at all times,
irrespective of the presence of external fields, and at the same time it provides a

clear physical interpretation of world-line supersymmetry.
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CHAPTERII

SPINNING PARTICLES IN SCHWARZSCHILD SPACETIME

2.1. INTRODUCTION

The Schwarzschild spacetime is the simplest of all black-hole spacetimes. It
describes a static, spherically symmetric gravitational field, which s
asymptotically flat. Recently Rietdijk and van Holten [62] studied pseudo-classical
spinning point particles in the Schwarzschild spacetime. We would like to review

their work in the present chapter.

We arrange this chapter as follows. In section 2.2 we derive the equations
of motion of a spinning particle moving in the Schwarzschild spacetime. In section
2.3 we discuss specific solutions, and derive an exact equation for the precession

of the perihelion of planar orbits. In section 2.4 we present a discussion on the

results.

2.2.  SPINNING SCHWARZSCHILD SPACETIME

In this section we apply the results of Chapter I to the case of a spinning

particle moving in the Schwarzschild spacetime which has the metric [97].
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ds’= _[]——ajdzz + ——] dr? + r? (dgz + sin? 6’0’402), (2.2.1)
r «
- )
r
where a=2M i1s the Schwarzschild radius, with M the total mass of the object

which is the source of the field. The metric possesses four Killing vector fields of

form
DB = p(A (x)aﬂ . B=0..3 (2.2.2)
where
G,
D(U) =
Py (2.2.3a)
D =—sinqpa—%—cot6 cosgo%, (2.2.3b)
D@ =cos¢%— cot@ sin@%, (2.2.3¢)
%,
DW= —.
50 (2.2.3d)

These Killing vector fields generate the Lie algebra O(1, 1) x SO (3):
D% DOl gitpt 4 =1,2,3) (2.2.4a)

[Dm’, D("]=0, (2.2.4b)
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and describe the time-translation invariance and the spatial rotation symmetry of

the gravitational field.

The first generalized Killing equation (1.3.16) shows that for each Killing

vector, Rff’(x), there is an associated Killing scalar, Bl (x,w). Therefore, if we

limit ourselves to variations (1:3.9) which terminate after the terms linear in ¥,

we obtain the constants of motion

J@ =BW) 4 i R, (2.2.5)

which represent the total angular momentum, which is the sum of the orbital and

the spin angular momentum. Equation (2.2.5) expresses the fact that the

contribution of the Killing vector gives the orbital angular momentum, while the

contribution of the spin is contained in the Killing scalars B\ (x, ).

Inserting the expressions for the connection and the Riemann curvature

components corresponding to the Schwarzschild spacetime in (1.3.16), we obtain

for the Killing scalars

BY) =_i%w’ w', (2.2.6a)
r

B =ir sinpw w® +ir sinf cosd cospy w® ~ir’sin’6 cospw?y?®, (2.2.6b)

B =_j cospw'w +ir sinB cosd sinpy w® —irlsin®@sinpwly®, (2.2.6¢)
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BY =_irsin?0y yw® —ir? sin@cosOywly®. (2.2.6d)

7

Substituting these in equation (2.2.5) and using the spin-tensor notation S,

introduced in equation (1.2.10), we obtain

J(o)EEzm(,_fi)ffi_ @ g (2.2.72)
r)dr 2r°

s =—rsinqo(m rg—i—+S’9)—cosqo(cot9 J@ 2 SH‘”), (2.2.7b)
JA = cosqo(m r%—? + S"BJ-—singo (coté’ JO - rZSQ‘”), (2.2.7¢)
JO = rsinzg(m rj—f + S"“’)+ rlsing cos@ S%. (2.2.7d)

In addition to these constants of motion, the four generic conserved charges,
described in the section (1.4) of Chapter 1, also provide information about the

allowed orbits of the particle. Finally the covariantly constant yw# as formulated in

(1.2.9) gives

= — vy +—y" 22.8
dr ZrZ(]— a] [drw ad J ( 2)

dy’
i =r[1—3£)(g§w+mza gﬁw} . (2.2.8b)



24

? d
dL=~i(dr u/9+g—qw’)+sin9cos€£v/‘°, (2.2.8¢)
T T

4 d
dw = _ lﬂ..{.cotg_d_g_}wqp _i_d_qﬁw,- —cofg—qewg, (228d)
dr rdr dar rdr dr

Thus, we have twelve equations from which we want to solve four velocities and

four components of w*. In order to construct a convenient set of equations

incorporating physical boundary conditions, we consider motions for which
H=-=—m, (2.2.9)
or equivalently
g"" PP, +m*=0. (2.2.10)

This equation implies that the motion is geodesic, as described by (1.2.1).
Combining equations (2.2.7) and (2.2.9), one can express the velocities as

functions of the coordinates, the spin components and the constants of motion:

dt ] E
— = Gﬂ-azw} (2.2.11a)
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_,‘2(%!;‘_]“5%)2 + sin’ 9[%}2}}2, RN

40 _ 1 (—J(’)sin99+J(2)cosq9—rS'9), (2.2.11¢c)
dr '’ :

dp_ 1 oL ge_ L o5% (2.2.11d)
dr pr?sin’ @ »r m

From equation (2.2.7) one can derive a useful identity

#2 5in@ 8% =JU 5in6 cosp+ I\ sin sing + J¥cosd . (2.2.12)

In physical terms, this equation states that there is no orbital angular momentum in
the radial direction: the total angular momentum in that direction is the spin

angular momentum.

The supersymmetry constraint =0 (equation (1.4.12)) expresses the fact

that spin represents only three independent degrees of freedom. Indeed, one can

then solve for ¢/ in terms of the spatial components ' .




As a result, the (classical) chiral charge /» and the dual supercharge ¢J become

Zero.
=0 =0 (2.2.14)

Equation (2.2.8a) is solved by the expression (2.2.13). The remaining equations,

(2.2.8b)—(2.2.8d), can be rewritten in terms of the spin tensor components

S (i,j= r,H,go), as follows:

as’ __1dr

, d
§o +sin9c059@5"“’ — rsin’ 9(1 - Eﬁ)_ﬁsw' (2.2.15a)

dr rdr dr 2r ) dt

re
BT o9l s -(iﬁmozai@}w +r(1-5§)ﬁ950¢, (2.2.15b)
dr dr rdr dr 2r jdrt

Gy
dS™ _ 149 g0 _ 10 o1 _(Eﬂ dé)gﬂw, (2.2.15¢)

+cot @ —
dr rdr rdr rdr dr

Equation (2.2.15¢) 1s automatically solved by (2.2.12).

Equation (2.2.13) allows one to rewrite all time-like components S in
terms of the space-like SV. In particular, using the anti-commuting character of the

y-variables, and the expression for d#/dt one can write

2
S rt m‘r (ig

. do .,
= S psin? @25 | 2.2.16
£ 07 sin i1 S ) ( )

Substitution of this result in (2.2.11a) gives
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a __ 1 £+i(f_”€3r0+3m29i@s'¢ﬂ. (2.2.17)
dr (]_a) m  2E\dr ar
¥

Equations (2.2.11), (2.2.15) and (2.2.17) can be integrated to give the full solution

of the equations of motion for the coordinates and spins.

2.3. SPECIAL SOLUTIONS

In this section we apply the results obtained in the previous section to study
the special case of motion in a plane, for which we choose f=m/2. For scalar
particles, the orbital angular momentum is always conserved. Hence, any solution
of scalar paﬁicles would actually describe a planar motion. But this is no longer
true in general for spinning particles, for which only the total angular momentum

1s a conserved quantity.

For spinning particles, motion in a plane is strictly possible only in special
cases, in which orbital and spin angular momentum are separately conserved. This
may happen only if either the orbital angular momentum vanishes, or if spin and

orbital angular momentum are parallel.

For 0=m/2 the equations of motion (2.2.1 1) and (2.2.15) become

d 1 {E a d
m  2E dr

“ . L L& a0 .
o (1-"‘] + S } (2.3.1a)
.
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dp_ 1 o _ 1 gro (2.3.1¢)
dar }nrz nr

i(rgl-e):_r2(1_£€)d_@50w, (2.3.1d)
dr 2r jdr

d .

d(ge)ap 2.3.1le)
df(, ) (

From equations (2.3.1c) and (2.3.1¢) it follows that the orbital angular momentum
and the component of the spin perpendicular to the plane in which the particle

moves, are separately conserved:

p— (2.3.22)
dr

where 2'and L are two constants. This result leads to the remark that the presence

of spin-dependent forces modifies the gravitational red-shift. Indeed, equation

(2.3.1a) becomes

E
di = [_+ @ - LE}. , (2.3.3)
[I_aJ M 2mEr
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For a nonzero value of the orbital angular momenturn L, it follows from equation
(2.3.3) that there is an additional contribution to time-dilation from spin-orbit
coupling. Thus the time-dilation is not a purely geometric effect; it also has a

dynamical component [24, 25].

In the case of planar motion equation (2.2.11c¢) reduces to

rS"e =—J(’)singa+J(2)cosgo, (2.3.4)

and equation (2.2.12) to
rlgoe =J(’)cos¢)+J(2)sing0. (2.3.9)

These two equations can be combined to obtain

d ro 2 06p AP :
— S )= S T 3.
dr(r ) ’ dr (2.3.6)

There are indeed only two possibilities, if we compare (2.3.6) with (2.3.1d):
/
(1) ;—4" =0, () Ss% =p, (2.3.7)
T

CASE 1. Vanishing of de/dr implies that there is no orbital angular
momentum, and then the solution describes a particle moving along a fixed radius

from or towards the source of the gravitational ficld. The motion of the particle for

a distant observer is described by
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a2

as in the case of a scalar point particle. Since the orbital angular momentum
vanishes, the (Cartesian) spin tensor components are all conserved, e.g., if we

choose p=0 for the path of the particle, then

r28% = g\, s =0, rS™ = V), (2.3.9)

CASEII: If de # 0, then equation (2.3.7) gives

dr
§% =¢ (2.3.10a)
and hence
JW =@ =g © (2.3.10b)
Then, equation (2.3.4) gives
s =y, (2.3.10¢)

which means that the spin is parallel to the orbital angular momentum. The

equation for the orbit of the particle is obtained from equations (2.3.1a)—(2.3.1c),

which 1s
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Using the dimensionless variables

r L= L 4=z (2.3.12)
' L
equation (2.3.11) can be put in the form

_1_s7U+4) (2.3.13)

3

€2=CZ2X2+GZXZ —
X X

2 2
j oy 741+ 4)
dt

The presence of 4, which is a bilinear combination of anti-commuting variables
w* , makes the equation rigorous. For the investigation of a possible motion, a
numerical value needs to be assigned to 4. As mentioned in the Introduction of
this thesis, such a quantum mechanical expectation value is desirable. Then 4 can
be used as a classical variable. In order to avoid any inconsistency that may result
from this semiclassical approximation, the numerical value of A is supposed to be
small: 4<<1.

Substituting the expression for d—!@ from (2.3.1c) on the right-hand side of
dr

equation (2.3.13), an effective potential Ug(x, ~ °) can be defined. Then

A2 (axY ?
“(T;] =a2(%J = - Uple,~?) (2.3.142)

where
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Upg (x,/2)=1_£+/2—12-—(1+41)/2

X X

N (2.3.14b)
3
This equation is the same as one would obtain for a one-dimensional problem with

a potential Ug(x,~%). In the one-dimensional problem, the particle is subject to a

radial force
F(x,/2)=—i— R(x,/z) (2.3.15)

This is the effective force that the three-dimensional particle feels in the radial
direction, including a contribution from the centripetal acceleration. As the radial
kinetic energy is positive, the right-hand side of (2.3.14a) must be positive as well.

Figure 1 shows a picture of a possible potential Ug(x, ).

Figure 1. Effective potential of a particle in Schwarzschild spacetime

for large values of orbital angular momentum.

The potential Ug(x, /’2) 1s maximum at x; and minimum at x_, where
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,\':=/’2(1i~ e J (2.3.16)
/,2

provided that % >3 (7 + 4). There are four possibilities:

(i) The approaching particle has the energy such that e’> UR(x+,/"’). Far
away an attractive effective force acts on the particle. After passing the minimum
potential, Up(x-, /2), at x_, the effective force becomes repulsive. But the particle
has enough kinetic energy to reach x,, where it is again subject to an attractive
effective force. The particle then being attracted hits the object, which is the
source of the gravitational field, or in case of a black hole, it crosses the

Schwarzschild radius atx =17 .

(ii) The energy of the approaching particle is such that /<el<U, (x+,/ ")
In this case the approaching particle from infinity is also subject to an attractive
force, but it does not have enough energy to reach x.. After passing x_ the particle
faces a repulsive effective force and at the perihelion Xph, OX/Tp becomes zero.

Hence, the particle disappears to infinity again. These orbits represent scattering

states.

(ii1) If the approaching particle has energy such that Ug(x_,~”?)<e?<I, then

there are two values of x where &/dp=0. These two values of x are Xpn and X,

which respectively represent the perihelion and the aphelion. The particle moves

between these two extreme points in orbit, which is not necessarily closed. Also
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the particle cannot disappear to infinity. Hence, the orbit of the particle represents
a bound state. For small relativistic effects these orbits approach precessing

ellipses; hence, they are also referred to as quasi-elliptic orbits.

(iv) For €Z=U, (x_,/’z)'< /,the energy equals the minimum of the potential
and the perihelion coincides with the aphelion. There is no net effective force
along the radial direction, i.e., dUg/G=0. Then the orbit becomes a circle. Figure 2
shows a picture of the effective potential Ux(x, /) for several values of ~*. For
~? <3(1 + 4)(courve-1), there exists no bound state with €</, and all particles

with energy such that €27 will finally hit the center.

T U, /)

Figure 2. Effective potential for different values of angular momentum,
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If /">3(1+A) (Courve-2-4), then bound states with e</ are possible. The bound

states correspond to quasi-elliptic and circular orbits. The radius of the circular
. 2

orbit is defined by x = x_, which is minimum at the point of inflection of Up(x,” ).

The point of inflection occurs for ~ 2 = 3(]+4) and hence the radius of the

smallest possible circular orbit is
x=,2=3(/+4) (2.3.17)

The energy for this critical orbit is given by

crit

e? =é@+4) (2.3.18)

to the first order in A.

We now briefly discuss the quasi-elliptic orbits. In the classical case, the
Kepler-type orbits, representing bound-state solutions, are circles and ellipses
parameterized by

_ _K
YT It scos(p-0y)

(2.3.19)

where k=k/o.. The k is the semilatus rectum and ¢ is the eccentricity with 0<&</
for ellipses and =0 for a circle. The perihelion xp, of the ellipse occurs at @=gy.

In the Schwarzschild spacetime, relativistic effects turn the perihelion during the
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motion of the particle. If the function w(g) describes this turning, then equation

(2.3.19) becomes

_ K
I+e&cos [go — w((p)]‘

X

The perihelion and aphelion are now described by

ol ,

-w(qpl(p';)) = 2nrw

gog',',) — w((p{(,’}‘)) = (Zn + ])7:.

The particle reaches its nth perihelion at the angle ¢

ph

(2.3.20)

(2.3.21a)

(2.3.21b)

("3 and the turning of the

perihelion after » revolutions is given by the angle w(qog';)). Hence, the precession

of the perihelion after one revolution is

tw=wlpW)-wlp@)= pl) ~9 9 —2z=4p-2z. (2.3.22)

ph

The energy at the perihelion / aphelion is given by

2
+ +
e~’=1—(1‘gj+/2(j‘5] —(]+A)/2(
K K K

3
j—if) . (2.3.23)

Since the energy € is a constant of motion, it follows from comparison of both

expressions for € that

2
K
~i=

2k - (I+af3+£7)

(2.3.24)
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Using (2.3.20), (2.3.23) and (2.3.24) in equation (2.3.11) we obtain

2
[]_. d‘fJ =]—(—]—-'-_--£—){3+€COS[(/9"‘W((P)]}- (2325)
de K
Introducing
y=p-w(p), (2.3.26)

equation (2.3.25) can be put in the form

dy

o= S+ 4)7x](3+ € cosy)

(2.3.27)

Then 4¢, as defined in (2.3.22), can be found by integrating (2.3.27) from one

perihelion to the next one with 0<y<2r :

2r
1 dy
dgp=— .[ , 2.3.28¢
Ja s NI icosy ( g

where

b=¢F, (2.3.28)

The F contains the relativistic effects and A-dependence. So, we first expand the

elliptic integral (2.3.28a) in a power series in F around the classical (Kepler)

solution, and then integrate term by term. Using the expansion
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2 2m

I N 1 (2m |
(1—x)2= Alm) x™, Alm)= [ ], (2.3.29)

and the integrals

2r
.[a’y cos?™y = 2zd(m), (2.3.30a)
0
2r
J.a’y cos™™'y =0, (2.3.30b)

0

we obtain the following expression for A¢:

A = 27+ L Z Fr2[afe + 2)3+2

1=0

(/2] t=2m ' el
+ S Z A(n)A(2m + 2)Alm + 1)3"2" 52'““( ﬂ

t—n—2m
m=0 n=0
3a 3a? [,
=2zl 1+—1U {8/ 2.3.31
n-li +2k( +A)+]6k2(s + 8)( +4)+ } ( )

where a=2M is the Schwarzschild radius. For 4=0 the lowest order contribution
to the relativistic precession of the perihelion is given by the second term in the
expansion. The spin of a particle contributes to this lowest order precession, which

can be found by keeping terms of first order in 4.
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A similar effect is also expected for scattering states. The scattering orbits
are possible for ~224(1+4), because in that case Uy (x4, ~>)21. A particle coming

in from infinity with encrgy
1< €< Up(xs,” %) (2.3.32)

approaches the central mass until it reaches its perihelion and then disappears to

infinity again.
The scattering angle is calculated from equation (2.3.14). Introducing
R (2.3.33)

it can be put in the form

2
(—;{—u—) =l+ou-u’+yu =-W(u,oy) ' (2.3.34)
®

where

] 1+ ANe? -1
0= —=, y=t— (2.3.35)
~Ne? -] <

are constants of motion. Solution of this equation in the limit of vanishing y gives

the classical orbit. The exact scattering angle & (figure 3) is given by
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du _ (2.3.36)

:9=7r—2j ;
0\/1+0'u-u2+yu

Figure 3. Scattering angle & for quasi-hyperbolic orbits.
Since dx/d@=0 in the perihelion, x,, is one of the roots of (2.3.14):

e? ~ Ugle,~?)=0. (2.3.37)

Equation (2.3.37) has three roots: x, x;, and x,;, say. One root 1s always negative

and hence, not realistic. These roots correspond to the three roots w;, u;, u,, of

W(u, o, y), defined by (2.3.34). The integral in (2.3.36) can be put in the form

LT

du

\/7(“2 _u)(uph ‘”X”‘”l)’
0

(2.3.38)

where u;, us, u,, are given up to (%) by [62]

\/ﬁ ﬁo;+[)(0'—\/?;T)+20' /7(), )

2
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e 0'+~J0' +4 L+jx<;-+ o 4+ )+207+/’/’(72),

u

uz%—o—(a? 1)+ 2 (2.3.39)

As the root u; is singular for y—0, u; and thus x; do not exist in the classical case:
in that case W(u, o, o) is a parabola with roots u; and u,,, given by (2.3.39) for
y=0. Obviously, the factor yu,—u)—/ for y—=0. Using this the elliptical integral
(2.3.38) can be solved as a series in 7. We write it in the form

LY

du b

uz j\/ Uy — (u—uj

(2.3.40)

We note that the second factor in the integrand is the same as in the classical case,
except for the y-dependent terms in #, and u,,. This integral can be performed by
expanding the first factor to first order in . Expanding the resulting expression to

first order in y, one can derive the scattering angle,9, in the form

3o o’ o’
9=:r——2(1+—— )arccos — + y +2y? 2.3.41)
a7 [ O’2+4J ol +4 (y ) (

This shows that the relativistic corrections to the scattering angle include

contributions from spin.
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2.4. DISCUSSION

The study of this chapter predicts spin dependence of the time dilation in a
gravitational field, of the perihelion precession for bound state orbits, and of the
scattering of particles by gravitational fields. This confirms the existence of a
gravitational analogue of the Stern-Gerlach-type forces well known to appear in

electromagnetic phenomena.

The equations of motion (1.2.8) and (1.2.9) remain valid if averaged inside
a functional integral with the exponential of the action (1.2.3) in the integrand, i.e.,
when S$*'=— iy*y” is replaced by its quantum mechanical expectation value
<§"">. This allows one to consider the results of this chapter as a semiclassical
approximation to the Dirac theory, and provides a procedure for numerical

evaluation of the components of the spin tensor, at least in principle. In general.

(SHY? # (S*“’Z)z 0. Hence, this semiclassical approximation can oniy hold to first

order in the spin.

Physically, in a macroscopic gravitational field like that of a star the effects

of microscopic intrinsic spin of particles such as electrons can be completely
omitted. Indeed, the ratio 4 (equation (2.3.12)) for an electron orbiting the sun is
of the order of 107"". Therefore, effects of particle spins are appreciable only in

strong gravitational interactions at short distances, near the Planck scale.
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CHAPTER 111

SPINNING PARTICLES IN REISSNER-NORDSTROM
AND NUT-REISSNER-NORDSTROM SPACETIMES

3.1. INTRODUCTION

In ref. [62] Rietdijk and van Holten investigated the motion of pseudo-
classical spinning point particles in the Schwarzschild spacetime. In this Chapter
we like to extend their work to the Reissner-Nordstrom (RN) [73] and NUT-
Reissner-Nordstrom (NUT-RN) spacetimes. The Reissner-Nordstrom spacetime
[98, 99] is the Schwarzschild spacetime generalized with charged parameter. [t is
the unique [100], asymptotically flat, spherically symmeiric solution of the
Einstein-Maxwell equations that describes the geometry of a spherical star with

charge ¢ and mass M. This spacetime may be analytically extended to an

electrovacuum solution representing a black hole for 0 <|¢|<M [101, 102]. In the

extremal case, e, when g =M the Reissner-Nordstrom black hole is
distinguished by its coldness (vanishing Hawking temperature) and its
supersymmetry. It admits supersymmetry in the context of N = 2 supergravity
[103 — 108]. The extreme Reissner-Nordstrom black hole spacetime occupies a
special position among the black hole solutions of the Einstein or Einstein-

Maxwell equations because of its complete stability with respect to both classical
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and quantum process permitting its interpretation as a soliton [103,109]. So the

study of spinning point particles in the Reissner-Nordstrom spacetime is

interesting.

The NUT-RN spacetime is the Reissner-Nordstrom spacetime generalized
with NUT parameter, which has the interpretation of magnetic mass [74—79]. This
spacetime is stationary and asymptotically not flat. NUT parametef has peculiar
properties [79, 82], its physical interpretation is not yet clear. Spacetimes endowed
with NUT parameter are sometimes considered as unphysical [83]. Hence, our

study of spinning point particles in the NUT-RN spacetime is interesting.

We arrange this chapter as follows. In section 3.2 we investigate the motion
of pseudo-classical spinning particles in the Reissner-Nordstrom spacetime. We
use the generalized Killing equations described in Chapter I for the symmetries of
spinning particles in curved spacetime and derive the constants of motion in terms
of the solutions of these equations. In section 3.3 we consider the motion in a
plane and analyze the bound state solutions. The precession of the perihelion is
also obtained. In section 3.4 we investigate the motion of pseudo-classical
spinning particles in the NUT-Reissner-Nordstrom spacetime. In section 3.5 we
solve the equations obtained in section 3.4 for special case of motion on a cone,

and in a plane for which we choose 8 = 772. In section 3.6 we present our remarks.
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3.2. SPINNING REISSNER-NORDSTROM SPACETIME

In this section we apply the results of Chapter | to investigate the motion of

a spining point particle moving in the Reissner-Nordstrom spacetime, which has

the metric [98, 99, 110]

+ 7 (d07 + sin?0.dp?) | (3.2.1)

together with a vector potential, which has nonvanishing components:

A = e A,=-4, cosd. Here, a=2M andg’=4; +4. with M the mass,g, the

¥

electric charge, and ¢,, the magnetic charge of the object which is the source of

the field. For ¢/ <M’, there are two zeros of g, atrywhere
It

=M EIM? -7 (3.2.2)

They correspond to two horizons: an event horizon at . and an inner (Cauchy)
horizon at r_ . The metric (3.2.1) describes the field outside the event horizon. The
spacetime given by (3.2.1) describes the extreme Reissner-Nordstrom black hole
spacetime for ¢ = M, and the Schwarzschild spacetime for ¢ = 0. The invariance

of the metric (3.2.1) under time translation and spatial rotations is expressed by
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four y-independent solutions R')(x),(8=0,...3),0f the generalized Killing
equation (1.3.15). The corresponding vector fields have the form

DB = g8 (x)a” . B=0..3 (3.2.3)

The explicit expressions for (3.2.3) are

DW= (3.2.4a)
ot
D =—sing é%-—colg COS¢§¢’ (3.2.4b)
D™ =cosqoi - cotf sz‘nqa—a—, (3.2.4¢)
26 oo
p =2 (3.2.4d)
op

These Killing vector fields generate the Lie algebra O, 1) xSO(3):
[D‘"’,D””] =-&™D", (abec=123) (3.2.52)
[, b ] =0. (3.2.5b)

The first generalized Killing equation (1.3.16) suggests that with each Killing

B(ﬂ)

vector R},ﬂ)(x) there is associated a Killing scalar B"”. These Killing scalars are

necessary to
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obtain the constants of motion
J'(.B) =B 4y x# R(ﬂ) (3.2.0)
22! pas

These constants of motion represent the total angular momentum, which is the
sum of the orbital and the spin angular momentum. For scalar particles the orbital
angular momentum is a constant of motion. However, this is no longer true for a
particle with spin; therefore, the Killing vector itself does not give a conserved
quantity of motion. The contribution of spin, which is contained in the Killing

scalars, has to be added.

Inserting the RPrx), as given by (3.2.3) and (3.2.4), and the expressions for
the connections and the Riemann curvature corresponding to the Reissner-

Nordstrom spacetime in (1.3.16), we obtain for the Killing scalars the following

expressions:

|oa ? r :
B(O) = (—Z‘T—-.ZT}-JWI v, . (327d)

BY =iy singw "y’ +irsin@cosl cospy w? —ir’sin’d cosg wiy?, (3.2.7b)
B =—ircospy w’ +irsindcosl sinpy "y’ —ir’sin’@sing wiy? (3.2.7c)

B =—irsin’0 ' w® ~ir? sinf cosOyly®, (3.2.7d)
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Substituting these in J (equation (3.2.6)) and using the spin-tensor notation S,

introduced in equation (1.2.10), one can find

2
J(U)EE=m 1—mg+q_ ﬁlt__
ror? )dr

J(’) =—rsing0(m
dr

/ :
J@ = rcosqo(m r%{g + S’Oj—sin(p(cozg sV —rzSg‘a).
T

J(J) = rsz’n"@(m r@
dr

+ S"‘”]+rzsin9 cos9 S

[gr_f_ Z_zj]s”, (3.2.8a)
r-d—g-kS"o]—cosqo (cot@ JB) 2 SO‘”), (3.2.8b)
(3.2.8¢)

(3.2.8d)

In addition to these constants of motion, the four generic conserved charges,

described in section 1.4 of Chapter I, provide information about the allowed orbits

of the particle. Further, the covariantly constant w/ as formulated in (1.2.9) gives

ar—2q2

2 T ar

+—6y/’)+sin9c039——y/‘".
dr

dr , dt ,
— =y, 3.2.9¢
[drw dTW ) ( 2
w? +sin’ @ i((3(,//“’} (3.2.9b)
dr
ap (3.2.9¢)
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dp
R —cotfg —L ) 3.2.9d
v Y ( )

dy? ! dr do ldp ,
=—| ——+cotf — |w* !
dr (r dr « (!TJW

Altogether we have twelve equations for four velocities and four components of

w* . Of course, there are only eight independent equations. In order to construct a

convenient set of equations incorporating phycical boundary conditions, we

consider motions for which

H=-=pm, (3.2.10)
or equivalently

g"" PP, +m?=0 (3.2.11)

MoV

This equation implies that the motion is geodesic, as defined by (1.2.1).
Combining equations (3.2.8) and (3.2.10) one can express the velocities as

functions of the coordinates, the spin components and the constants of motion:

2
a_ L |E |_@ . T (3.2.12a)
dr (1 a qu m \2pw? 2mp?
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r\,\-s.

2 2 2
—r{]—g+~q—,J\:[d—9) rin? o[ 22) H , (3.2.12b)
roort j\dr dr '

10 1

Cﬁ?:m,gz (—J(’) sing +J? Cos¢_r3’9) (3.2.12¢)
d ! ! . !
_£=—2—_—2—J(3)———S"”——cot6?50‘”. (3.2.12d)
dr  par® sin 0 mr m

From equations (3.2.8) one can derive another independent linear combination of’

J and J?:

2 sin® 8% =70 sing cosQ +J Sinésingp+J(3)cos(9. (3.2.13)

This equation states that there is no orbital angular momentum in the radial
direction: the total angular momentum in that direction is the spin angular

momentuim.

The supersymmetry constraint Q = 0 [equation (1.4.12)] expresses the fact

that spin represents only three independent degrees of freedom. Then one can

solve for ' in terms of the spatial components ' :

2
(j__q_.}.q__’}_d_tl//’ =__1_—_C£f;!//r

dr 2\ dr
(1— @ + C/7 ]
Fooor

+r2[g_we+3fn29—ill—(eww). (3214)
T
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As a result, the chiral charge I+ and the dual supercharge Q" become zero:
=0 =0. (3.2.15)

Expression (3.2.14) satisfies equation (3.2.9a). Equations (3.2.9b)—((3.2.9d) can be

rewritten in terms of the spin tensor components S’j,(i,j =r,0, gp), as follows:

ro
as —=—ld—rS"0+sr'nt9c059£l£S"“’
dr rdr dr
2
—rsin? @) 1-3% 429 d—%"“’. _ (3.2.16a)
2r r2 dr

re
as =cot.6’£f2 s+ —[iflﬁ + cot QQ—QJS"‘O

dr dr rdr dr
2
oy 3% 297140 gen (3.2.16b)
2r rz dr
O
d87 _1dp cro 148 o) _(Ziﬂotgﬁjsﬂw, (3.2.16¢)
dr  rdr rdr rdr dt

Equation (3.2.16¢) is automatically solved by (3.2.13).

Using (3.2.14) all time-like components S can be rewritten in terms of the

space-like §7,(i, j=r,8,),. In particular, the anti-commuting character of the y-

variables and equation (3.2.12a) allow us to write



52

2

. ol (do . do o,
§" = by o Ry 2.1
7 (dr + Sin - J (3.2.17)

Combining this result with (3.2.12a) we obtain

dt ! E I g
dar NUm B¢ T
[1_a+q2]
r r
x(fﬁs"f’+sgiq-’9£’35fw . (32.18)
dr dr .

Equations (3.2.12), (3.2.16) and (3.2.18) can be integrated to solve the equations
of motion for the coordinates {x} and spins {w*}. For g=0 these equations

reduce to those obtained in Chapter II for the Schwarzschild spacetime.

3.3. PLANAR MOTION IN REISSNER-NORDSTROM SPACETIME

In this section we solve the equations obtained in the previous section for
the motion of spinning particles in a plane, for which we choose & = #/2. For
scalar particles the orbital angular momentum 1s always conserved; hence, any
solution of scalar particles would actually describe planar motion. But this 1s no
longer true in general for spinning particles, because in this case only the total

angular momentum is a constant of motion. Therefore, planar motion for spinning
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particles is strictly possible only in special cases, in which orbital and spin angular
momentum are separately conserved. This may happen only if either the orbital

angular momentum vanishes, or if spin and orbital angular momentum are parallel

to each other.

The equations of motion (3.2.12) and (3.2.18) with 8 = 72 and d&/dr =0

become

2
_— £+_]_ a_q—- d_§0Sr¢ ) (331&)
dr (1 a q-’J m 2E ro)dr

i
2 217
_,z[]__g_ijfT}[%q } , (3.3.10)
r r- T

hak (3.3.1¢c)
dtr i’ beg!

2
"d—(rs"f’)brf(;—i&-z-‘%—)d—%%’, (33.1d)
ar 2r r dr

4 (57)=0, (3.3.1e)



54

Equations (3.3.1¢) and (3.3.1¢) imply that the orbital angular momentum and the

component of the spin perpendicular to the plane of motion are separately

consecrved:

rSr(p =5 (332“)
mrt 8Py (3.3.2b)
dr

where 2 and L are two constants. This result leads to the remark that the presence

of spin-dependent forces modifies the gravitational red-shift. Indeed, equation

(3.3.1a) becomes

a_g_: )
dtz——({r——— £+———L?L2. (3.3.3)
a g’\|m 2mEr
-+
r rz

For a nonzero value of the orbital angular momentum L, it follows from equation
(3.3.3) that there is an additional contribution to time-dilation from spin-orbit
coupling. This expresses the fact that the time-dilation is not a purely geometric
effect, but also has a dynamical component [24, 25]. Equation (3.3.3) reduces to

the Schwarzschild result for ¢ = 0.

In the case of planar motion equation (3.2.13) simplifies to

ris% =J(!)cosq)+J(2)Sinq), (3.3.4)
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while equation (3.2.12¢) to

rS"e =—J(’)singo+J(2)cosqo. (3.3.5)

Equations (3.3.4) and (3.3.5) can be combined to give

d ro 2 oo AP

=87 )= = r25% Z2.

17 (f ) ¥ e . (3.3.0)
Comparing equation (3.3.6) with equation (3.3.1d) we find that there are only two

possibilities:

(0 "—q”=0, an s% =o. (3.3.7)

dr

CASE I. For -(:qu=0 the orbital angular momentum vanishes. Then the
T

solution describes a particle moving along a fixed radius from or towards the
source of the gravitational field. The motion of the particle for a distant observer is

described by

) 2 2 2
A R 1—m7 =% 9 | (3.3.8)
dt roor? E° ooyt

as in the case of a spinless particle. Because of the vanishing of the orbital angular
momentum the (Cartesian) spin tensor components are all conserved, e.g., if we

choose ¢ = 0 for the path of the particle, then
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rzSU”’=J(l), rS"0=J(2),

rSe = g3

CASEIL: If dg =, then equation (3.3.7) gives

dr
§% =0,
and hence
J(I)zJ(z)zo
Then equation (3.3.5) gives
$7=0.

(3.3.9)

(3.3.10a)

(3.3.10b)

(3.3.10c)

This implies that the spin is parallel to the orbital angular momentum. From

equations (3.3.1a)—(3.3.1¢) we obtain

! { dr : E? —m?)r? m 6/2 myr
— | — = I+ —la-—|| —+
r? do L? L r? L

(3.3.12)



57

equation (3.3.11) can be put in the form

2 2 2
IERERE: +a2xz(_‘i§2) +,_(_f’_+f,~(iié‘)](/_ﬁfr]_ (3.3.13)

dr X xj a’x

The presence of 4, which is a bilinear combination of anti-commuting variables
w* , makes the equation rigorous. For the investigation of a possible motion, a
numerical value needs to be assigned to A. As mentioned in Introduction of this
thesis, such a quantum mechanical expectation value is desirable. To avoid any
inconsistency that may result from this semiclassical approximation, the numerical
value of 4 is supposed to be small: A<<],

If the expréssion for %iigfrom (3.3.1c) is substituted on the right-hand side
T

of equation (3.3.13), then it follows that

2 2 2
- (i;’_‘_) =a-’(_‘i1) e’ U,lx,~?,6%) (3.3.14a)
dp

x4 d’f

where

bt Lol )

X X

2 1
4

—(1+A)/’2%+(1+A)62/’ (3.3.14b)

X X
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is defined as an effective potential. This equation is the same, as one would obtain
for a one-dimensional problem with a potential U, (x, -, 52) In the one-

dimensional problem, the particle is subject to a radial force F(x, -2, 52) given by

0

3

Flo762)=-2 U, (x,~?,57) (33.15)

This 1s the effective force that the three-dimensional particle feels in the radial
direction, including a contribution from the centripetal acceleration. Because of

the non-negativity of the kinetic energy, the right-hand side of (3.3.14a) must be

positive.

Bound state orbits are possible for e</. They correspond to quasi-elliptic

and circular orbits. The radius of the possible circular orbit is minimum at the

point of inflection of the function UR(x,/ “’,52) This critical radius satisfies the

equation
=30+ AT+ 9(1+4)67 x-8(1+4)5% =0, (3.3.16)
and the corresponding energy and angular momentum are given by

e;’m:(f——) (3.3.17a)

and
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o= e 287) (3.3.17b)

respectively, provided that ¥>0, where

i 267 )62 2
X=1—2(1+A)—{/—[3——J—}—§——, (3.3.17¢)
X X X X
_ / 2 1
Y=2-3(+4)=+4(1+4)s = . (3.3.17d)
X X

For ¢ = 0, equations (3.3.16) and (3.3.17) reduce to the Schwarzschild results

described in Chapter I, if the terms first order in 4 are only considered.

We now discuss the quasi-elliptic orbits shortly. The classical Keplerian

orbits are bound-state solutions, which are circles and ellipses parameterized by

K
= 3.3.18
* 1+5cos((p—goo) ( )

where k=k/a, k being the semilatus rectum and & the eccentricity with O<g</ for
ellipses and &=0 for a circle. For an elliptic orbit the perihelion x,, is reached for
@=@p. However, in Reissner-Nordstrom spacectime, relativistic effects turn the
perihelion during the motion of the particle. Let the function w(g) describes this

turning. Equation (3.3.18) then takes the form

K

X= .
I+ ¢ cos|p - w(@)]

(3.3.19)
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The perihelion and aphelion are now given by

ol - wlpl)) = anx, (3.3200)
and

o) —wlply)) = (2n+ 1)z (3.3.20b)
respectively. The particle reaches its nth perihelion at the angle (p(p’},) and the

turning of the perihelion after » revolutions is given by the angle w(qag’;,)). Hence,

the precession of the perihelion after one revolution is

Aw = w((pff,,))— w(gogjh))= qp‘(g"h) - gogjh) -2r=Ap-2x. (3.3.21)

The energy of the particle € at the perihelion / aphelion is given by

+(1+A)52/2(—:t—] . (3.3.22)

. . . . 2
Since the energy € is a constant of motion, comparing both expressions for & we

obtain
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3 K‘ZLK-—25Z)

a 27 ~ (1+A)[(3+82)K—452(]+£2)]-

(3.3.23)

Using (3.3.19), (3.3.22) and (3.3.23), equation (3.3.11) can be rewritten in terms of

w(@) and @. The result is

(1 - @i)[z - fiﬂ)z 1 - Dl - 367)+ 85%)

+ eliclic — 657 )+ 857 Jeos(p - wlw))
_e? - 287)6% costp - wlp))+ 267} (3.3.24)
Introducing
y=0-wp), | (3.3.25)

equation (3.3.24) can be put in the form

do = dy , (3.3.26a)
\/A(a —bcosy + ccoszy)
where
K 1
A= —"—, F={+4)~,
K =257 K

a=1-3F, b= DF, ¢c=NF,
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3=;(—12—{3K (e=357)+ 857 - 26757}

D= :-2- felc —662)+ 857}

d (3.3.26b)
K

In order to obtain the precession of the perihelion after one revolution we need to

integrate equation (3.3.26) from one perihelion to the next one with 0<y<27. The

result gives Ag, as defined in (3.3.21):

ay

2r
/
dow- , | (3.3.27)
JAa J.\[j —%/(z)cosy - (c/a)coszy}
0

The relativistic effects and all A-dependence are contained in F. So, we first

expand the integral (3.3.27) in a power series in /" and then integrate term by term.

Using the expansion

(z—x)'ﬁ=iA(m)x'", A(m)= -2 [2"’), (3.3.28)

m=g

and the integrals
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2n
J.dy cos*™y =27 A(m), (3.3.29
0
2rn
J‘(l_ycoszm""_y=0, (3.3.30)
U
we obtain the following expression for d¢:
/ 18+ &° §-¢°
Ap=2r{1-¢)2{1+3n|1- ¢+ C I+ 4)
12 12
3 3 4-¢? ’ 2
Zn?l181-= =t +eti-3¢+ 287
K (25 64} -3¢+242)
5, 72+9¢% . 32+
- g? - ] -
ze'¢l 4)[ TR R c)
+%g4g~’(1—4)2}(1+a)~’+... } (3.3.31a)
where
(=9, p=L (3.3.31b)
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For 4=0 the lowest-order contribution to the relativistic precession of the
perthelion is given by the second term in the expansion. Considering terms of first
order in 4, we find that in principle the spin of a particle contributes to this lowest-

order precession. With ¢ = 0 the resulis in (3.3.22), (3.3.23) and (3.3.31) reduce to

the Schwarzschild results described in the previous chapter.

3.4. SPINNING NUT-REISSNER-NORDSTROM SPACETIME

In this section we extend the work of section 3.2 in the Reissner-Nordstrom
spacetime generalized with NUT parameter. This study gives the parallel results as
we got in section 3.2. But it 1s interesting to note that a spacetime generalized with
NUT parameter has not direct physical interpretation [83]. The NUT-Reissner-

Nordstrom spacetime is described by the metric [111]

2
C ]
ds’ =—U(r)[dt +4nsin® %dqp:l +

+(r2 +n")[d6’“’ +Sii129d(p2], (3.4.1)

where

2 2

2
s 2]
r?4n 2
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n is the NUT (or magnetic mass) parameter, ¢ the charge and M the total mass of

the gravitating body. The spacetime given by (3.4.1) and (3.4.2) gives

(1) for g = 0, the NUT spacetime [112],
(i1) for n = 0, the Reissner-Nordstrom spacetime [98, 99] _
(111) for n = g = 0, the Schwarzschild spacetime [97].

Spaces with a metric of the form given above have an isometry
group SU(2)x U(1). The invariance of the metric (3.4.1) under time translations
and spatial rotations is generated by the four y~independent solutions R?#(x) of
the generalized Killing equation (1.3.15), (#=0...., 3). The associated vector fields

have the form

D) = B (x)a‘, . f=0..3 (3.4.3)
or explicitly
por -9 (3.4.4a)
ot
D'l =—sin(p%~co£0 cosgo% - 2n tan—?cosqo%, (3.4.4b)

0 0 [ 0
(2) — —cotf singp — — 2n tan—sinQ —, (3.4.4c)
D cosQ 20 cotl sing o0 5 ® 57
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-2
”a[ (3.4.4d)

(Y] : . . iq
D", which generates the {(]) of ¢ translations, commutes with the other Killing

vectors. The remaining three vectors obey an SU(2) algebra with

(D@, p®)]= —_gate ple), (0.b.c=123) (3.4.5)

This can be contrasted with the Reissner-Nordstrom spacetime, where the
isometry group at spacelike infinity is SO(3)xU(/). This illustrates the essential

topological character of the magnetic mass [113, 114].

In the purely bosonic case these invariances would correspond to
conservation of the so-called "relative electric charge” and the angular momentum

(79,115 —121]

g, =-U £+4nsin2 in—qi , (3.4.0)
dr 2dr

J=Fxf+2ng, (3.4.7)

~ |~

The first generalized Killing equation (1.3.16) suggests that for each Killing

vector, Rf,ﬁ)(x), there is an associated Killing scalar, B#”. Therefore, if we limit

ourselves to variations (1.3.9) which terminate after the terms linear in &, we

obtain the constants of motion



07

J(ﬂ) = g8 + g #p(B) (3.4.8)

b

Equation (3.4.8) asserts that the Killing scalars contribute to the "relative electric

charge" and the total angular momentum.

Inserting the expressions for the connection and the Riemann curvature
components corresponding to the NUT-RN spacetime in (1.3.16), we obtain for

the Killing scalars
BO =y — 4nV sin’ %s"f" - 2nU sin6 5%, (3.4.92)

BY =—2nv cosqotan%(] +cos8)S"

~nUcos@cos® 8" —rsing ™

g 6 .
+ cos@ co[@[&-z"VcosGtan Esin') 3 r sin’ Q}S ¢
6 |
+ ¢os go[(r" + n")sin" 0 +4n’U - 8n°U tan® E]SW' (3.4.9b)

BY = _2nv singptan % (1 +cos@)S"

—nUsinpcos0 S +rcospS"
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+sing cot@[anV cos@tangsinz %— rsin’ H}S"”

. 2 2\ . 2 2 2 2‘9 O
+sing (r +n )sm O+4n°U -8n°U tan 3 S, (3.4.9¢c)

B = _2nV cos8 8" + 4nV sin’ %S")
.2 2, . 20 ro

+|rsin“ 8 +8n"V sin —2—cos ZENY

. 2 2 2 . 2 0 Gy
+sin6 (r +n )cos@—Zn Ul ]+ 4sin 3 S, (3.4.9d)

where Vo= — [M(r" —n")+ (2112 —qz)r] , (3.4.9e)

and U is given by (3.4.2).

Taking into accounts the contribution of the Killing scalars, one finds for

the conserved quantities J7,
JO =B g (3.4.10a)
JN =gt —(r2 + n‘z)sinqaﬁl—tg - (rz + nz)cosﬁsinﬁcosqo%e
.

dr

+ 2nq, sinf cos @, (3.4.10b)
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J(Z) = B(") +(r2 +nz)cos¢£—(r2 + nz)cosgsintﬁ’si}1go£{£

dr dr
+2n4g, sin@ sin @, (3.4.10¢)
JB =gl 4 (r2 + nz)sinz 9%¢1+ 2nqg, cos @, (3.4.10d)
dr

where ¢, has the expression from (3.4.6).

It is obvious that the "relative electric charge", 4., 1s no longer conserved,
contrasting with the purely bosonic case. On the other hand, the conserved total
angular momentum is the sum of the orbital angular momentum, the Poincare

contribution and the spin angular momentum:
J=B+], ' (3.4.11a)
where

J={0.s9 ) 5=(s" 52 pV) (3.4.11b)

From (3.4.10) we can derive two very interesting relations:

de

J“)s[ngo—J(z)cosqoz—rSra —(rz +n2)l .
dr

(3.4.12)

and
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J-F

¥

2nJ ) _

=4nV§" —(4Vsinzg—UsinHJnCOSQS'Q

~8n’V sin’ —2{1@ cos’® Q(COSQ + tan %HS”’”

—[(r“’ +nz)+ 8n2U(1—tanz %)
—2!12U(1+4sinzg)cosﬁ}sinQSW. (3.4.13)

In the standard NUT-RN space, (3.4.13) reduces to

F

.1

=|j|cos6=2nq,, (3.4.14)

"T ’

which fixes the relative motion to lie on a cone whose vertex is at the origin and
whose axis is ;. Equation (3.4.13) expresses the fact that the total angular
momentum in the radial direction receives contributions from the spin angular

momentum, the orbital angular momentum being absent in that direction.

In addition to these constants of motion there are four universal conserved

charges described in Chapter I. Using the notation from this section they are
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(i) The energy

2
——U[—w+4nsin2%iﬂj ) (3.4.15)

(ii} The supercharge

I dr dé
0=Ggr¥ +lt )

+|i4nsin2 gq,. +(r2 +n2)sin2 Hfi—@}gy‘”, (3.4.16)
2 dr '
(iii) The chiral charge
ro={r? 4 n? )sin0y y Py Py, (3.4.17)

(iv) The dual supercharge

dr ag
*_[,.2 + 2. 9[ e, et _ roe,
Q (; n )sm _drw vy ——drw wlw

do d
+d—¢w wiy' ——y waw‘”} (3.4.18)
T dr
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Finally,_havipg in mind that w* is covariantly constant as formulated in

(1.2.9), the rate of change of spin is obtained as follows:

dy"
z o T )V]( w® +sin 6 "’w ) (3.4.192)
dy’ _ ae . r dr /0
dr Pl en? dr r? s n? drl/
: 4n’U @ \de ng
+ sin 6| cos 6 - sin? = =2 + . ? (3.4.
K r? +n? ZJdT r? +n? v, (34.195)

@
v an cosec@ig—l,l/’— r__de
dr  r? +n? dr r?+n? dr

2
dr v 4n’

[cot@ d(p ncosect a. Jwg

rodr 2n’U . 6\d6
—{ > 2-——+(cot9— 2” Ztan—JEr_ v, (3.4.19¢)

vl +n? dr re+n 2

dy' (V dr 2n°U 6 do)
= tan—— |y
dr Udr r2 +n2 2dr
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2
- 2nsin2€tan€@—ﬂmng Wg
2 2dr r2 +nz

. 29 r V \dr
+|4nsin® — ~—— |—
2 r2+n“ U,)dr

2
—onsin? Lian ) 1+ 2190\ e (3.4.19d)
2 2

r?+n?)dr

As a rule these complicated equations could be integrated to obtain the full

solution of the equations of motion for the usual coordinates, {x”}, and Grassmann

coordinates, {w* }. These equations are quite intricate and the general solution is
by no means illuminating. Instead of the general solution, we shall discuss special

solutions in the next section for the motion on a cone and in a plane.

We notice that the above equations reduce to those obtained in section 3.2
for the Reissner-Nordstrom spacetime when n = 0, and to those obtained in section

2.2 of Chapter II for the Schwarzschild spacetime when n = g = 0.

3.5. SPECIAL MOTION IN NUT-REISSNER-NORDSTROM SPACETIME

In this section we solve the equations derived in the previous section for the

motion on a cone and in a plane. We first consider the motion on a cone.

Let us choose the z-axis along ; so that the motion of the particle may be

conveniently described in terms of polar coordinates
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F=re6,0)
with

¢ =(sin 8 cos ¢, sin8 sing, cos 8).

(3.5.1)

(3.5.2)

The equation of motion for the spin components, when d&/dz = 0 , are

15" {
¢ =L 4T g8 +sin9[(cos€— ——— sin ;
.

dr 2 +n?dr i +n 2

_[rU—(rz +n2)V]sin‘7 H%SQ‘”,

re ' ) d .
as™ ___ v ’_s[eﬁ_—fi )S
dr Pl enldr dr  p? +n?

6
as™t __2r i}*_Sgw+ r d_qural

dr r 4+ n?dr ¥ +n? dr

ngt ___[V r )df Sﬂt
U r?+n?

ar U E;

2
+sinf|) cos B - In"U Sin'? Q %_'_ ng, S(P!
r? +n? 2)ldr ¥’ +n?

., 0 r 2Vide V '
-4 g -——|———-—4, |S
[ e Z(rz +n? U)df U’ rj!

4n-’U , 2_6_)?'_@_*_

¥ +n

nq, |

(3.5.3a)

(3.5.3b)

(3.5.3¢)
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26 4
+4”S’"23( - -5)9—5"“- (3.5.3d)

r? +n? dr

var

as” |
Udr

rU ~(r2 +n2)V]Sin2 Q%SV" + NE

dr

—2ntan—g—(sz'nz —(9—@——”:4’—— 5o
2 2dr r2+n2

.20 ¥ Vidr .,
+4nsm23[r2 Y —Z]—J—d—T—S ¢, (3.5.3¢)

aset _ r @S,.,“_(Cotgd_(o_*_ncosec@qJSBI

dr r? +ntdr dr 2 +n?

(el
U r?+n?)dr

.20 ¥ 2Vide V :
~| ¢nsin? = - -— S
{ 2(r2+n2 U)dr U’ C/r]

8 , 79d§0 nq. o
+ 2ntan— e el N 353
nian Z(Sln > dT ’,2 N 7) ( f)

n?

Since we are looking for solutions with d@&dr = 0 and because

JW = 7~ we have from (3.4.12),
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$ =g, (3.5.4)

This relation implies that the special solutions investigated in this section are

situated in the sector with
I=0. , (3.5.5)

A particular solution may be obtained, if we choose $¢' =0, in the form

e

S = , (3.5.6a)
r?+n?
c”

8% =——, (3.5.6b)
¥ - +n

/ .

S”’=( v ,]ZC”’— n_n2 8 (3.5.6¢)
r?+n’ Fi4+n® 2

§7=NUC" - i %c’“’, (3.5.6d)

\/irz +n?)

where C'®,C% %, C" are Grassmann constants.

We investigate the case in which O = 0 (equation (1.4.12)). As in section
3.2 (equation (3.2.15)) we have /% = Q" = 0. For the spin components we deduce

the following relations:
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dr ., )
é;{%S'a =[(r' +nz)sinz 9%4—4}151’112 %qr}S‘g“’ +4,8%, (3.5.7a)
I dr
——385%=q.8%,
U 4 9, (3.5.7b)
—é%s” =_[(,-2 +n2)sin2 6’%+4nsin2 %q,}S‘”’. (3.5.7¢)

The condition Q = 0 modifies drastically the form of the solutions.

In spite of the complexity of the equations, we have a simple exact solution

for the components of the spin-tensor,

5% = c” :
r? +n?
From (3.4.10) we can deduce that
fp
q,.=J(0)+2nUsin9 —
ré+n
d_goz 1 2079 sing oo
dr  r? +n’| cos@® cos@

4n’U 4 —-cosO(l + cos 8) 6o
n . C
sin 9(1 + cos 19)

2 2
¥y - +n

(3.5.8)

(3.5.9)

(3.5.10)

|



78

These relations may be integrated to obtain the expressions for ¢ and t. We can

deduce dr/dt from the energy, given in equation (3.4.15).

We now study the special case of motion in a plane, for which we choose
O=r/2. For scalar particles any solution would actually describe planar motion,
because the orbital angular momentum is always conserved. But this is no longer
true in general for spinning particles. As mentioned in section 3.3, motion in a
plane for spinning particles occurs only in two kinds of situations: (I) the orbital
angular momentum vanishes, and (II) spin and orbital angular momentum are

parallel.

For 6=n/2 the equations of motion are

ds"® . ECS’H B 20U gﬁS"‘P
dr rt+n?dr r?+n? dr
o (7 w2 )L s,  (35.11a)
dr
dS’ _ v drgy (3.5.11b)
dr rz +n2 ar
s 2 dreg, v 4P ge (3.5.11c)

dr rl+n?dr r’en? dr
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o1
ds _(K_ r Jdrsg,__ 2n°U 49 oo

dz U r?+n?)dr rf+n? dr

r 2V \de r v\ dr
—2n I —_‘Sr0+2 — Y e
(i’2+n2 UJdT "y RS (Sdd)

l rt
ds =[rU—(r2 +n2)V]£i—g£SW +—Ii£i£S”
dr dr Udr
do .. r Viydr .,
-n——8" + 2n -— =S5, 3.5.11
dr (r2+n2 U)a"r (3-3.1e)
dS‘”’ __ 3 : (—lgS” +nd_§0S9¢
dr ré +n° dr dr
14 ¥ dr r 2V \de
+| — = —_S% _2p -—— |57 3.5.11
(U e +n2)d‘f (r2+nz UJdT ( d

CASE 1. In this case the solution describes a particle moving along a fixed

radius, for which dg/d7 = (. We are able to obtain a simple exact solution,

§™ = et O (3.5.122)

(3.5.12b)
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U F a1
Sg’=( ) c - _c* 3.5.12
r2+n2 r2+n2 ’ ’ ( C)
s"=Juc" -2 " (3.5.12d)

!
U 7 ot
S‘°’=( 5 2) c . (3.5.12¢)

A special interest represents the case when the supersymmetry constraint

0 =0. From this condition we obtain,

.(!]_gf_grﬂ - (- +n2)£’fsﬂ<v, (3.5.13a)

T T

-é—g—r—S" =-(r‘2 +n2)g£S‘°'- (3.5.13b)
T T

For de/dt = 0 we have only a spin component nenule:

Cﬂw

st (3.5.14)

¥-t+n

In this case dr/drand dt/d 7 have a simple expression,

ar

2EU), (3.5.15a)
dr
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r?+n?

di [ 4n’U Jo
dr-( —1] . . (3.5.15b)

CASE II. This possibility concerns motion for which dg/dr = 0. From

O =0, we obtain the following relations:

1 dr

E'd—fsrg =_JB) gt (3.5.16a)
é%g"’ — g (3.5.16b)
T

It is very interesting that even in this case we have a spin component nenule:

st oo (3.5.17)
ro+n

In this case the expressions for the dt/dt, dg/dtand dr/d7 can be integrated to give

the full solution of the equations of motion for all coordinates and spins:

(0) op
LN AL W PR | (3.5.18a)
dr U ¥ +n2 ar
I
a1yl 2e-| 2+,,2)_‘§_¢_’] : (3.5.18b)
dr dr

o
dp 1 [J(s)+6an C J ’ (3.5.18¢)
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3.6. REMARKS

In this chapter we have studied the geodesic motion of pseudo-classical
spinning particles in the Reissner-Nordstrom and NUT-Reissner-Nordstrom
spacetimes. In this study we have restricted ourselves to the contribution of the
spin contained in the Killing scalars B?(x, y), defined by (1.3.16). Despite the
complexity of the equations, we are able to present special solutions for the motion

in a plane in the Reissner-Nordstrom spacetime, and on a cone and in a plane in

the NUT-Reissner-Nordstrom spacetime.

The result obtained in the Reissner-Nordstrom spacetime reduces to the
Schwarzschild result [62] for ¢ = 0, and to the result for the extreme Reissner-

Nordstrom black hole spacetime when ¢ = M.

The result obtained in the NUT-Reissner-Nordstrom spacetime reduces to
the result for the Reissner-Nordstrom spacetime [73] when » = 0, and to the
Schwarzschild result when n = g =0. This study is interesting because of the fact
that it not only encompasses the result obtained in the Schwarzschild and
Reissner-Nordstrom black hole spacetimes but also provides similar result for the

NUT spacetime, which is sometimes considered as unphysical [83].
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CHAPTER IV

NONGENERIC SUSY IN CURVED SPACETIME

4.1. INTRODUCTION

One of the most remarkable properties of the Kerr black hole is that, in this
background, particle motion is completely integrable. From the point of view of
canonical analysis, this is a direct consequence of the existence of a nontrivial
Stackel type Killing tensor K, [122-125], which is the y~independent solution of
the generalized Killing equation (1.3.15) with n = 2. This Killing tensor gives rise

to the associated constant of motion
Z= L K“ 2 2 4.1.1
2 /3;1/ v ( s )

which is quadratic in the four-momentum /z,. That is, this constant of motion
completes the maximal number of constants of motion in conjunction with the

other three well-known constants of motion: the energy
E=-K"p,, (4.1.2)

coming from the time translation invariance generated by the Killing field K, the

angular momentum
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J=M*pa,, (4.1.3)

coming from the axial symmetry generated by the Killing field M* and the

Hamiltonian

I
H=39”mww (4.1.4)

More surprisingly, various field equations, e.g., the Dirac equation [126], separate
in the Kerr geometry, and [91] this fact has a direct consequence of the existence
of the Killing-Yano tensor f,,, which is defined as an anti-symmetric second rank

tensor satisfying the following Penrose-Floyd equation [127, 128]:

Dy, fuy = 0. “ (4.1.5)
This Killing-Yano 2-form £, is_a square root of the Stackel-Killing tensor K**:

K* = f#af*,. (4.1.6)
Here, indices are raised and lowered with the spacetime metric g, and its inverse.

Recently, in ref. [80], Gibbons etal. have been able to show by considering
supersymmetric particle mechanics that the Killing-Yano tensor can be understood
as an object belonging to a larger class of possible structures which generate

generalized supersymmetry algebras. This novel aspect has renewed people's
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interest in the Killing-Yano tensor, which has long been known for relativistic

systems as a mysterious structure.

To describe "nongeneric" SUSYs, generated by the Killing-Yano tensors
and the corresponding conserved quantities in an arbitrary background spacetime,

we would like to review the work of Gibbons efal. [80] in this chapter.

The plan of this chapter is as follows. In section 4.2 we review the
formalism of pseudo-classical spinning point particles in an arbitrary background
spacetime, in which anti-commuting Grassmann variables describe the spin
degrees of freedom. In section 4.3 we describe the general relation between
symmetries, supersymmetrieé and constants of motion for these equations. In
section 4.4 we discuss extra supersymmetries and their algebras. These
"nongeneric" supersymmetries depend on the existence of a second-rank tensor
field f,,,» which 1s referred to as f-symbols. In section 4.5 we describe the general

properties of f~symbols and point out their relation to Killing-Yano tensors.

4.2. SPINNING PARTICLES IN CURVED SPACETIME

The pseudo-classical limit of the Dirac theory of a spin-1/2 fermion in
curved spacetime is described by the supersymmetric extension of the ordinary

relativistic point particle [4, 7-9, 12, 16, 20]. Local version of supersymmetry

(supergravity) is described in terms of the vielbein (tetrad) [129] e, (x), which is

the "square root" of the metric tensor g,,,, in some sense. In ¢, ° the Greek index, 4,
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is a "world" vector index in the curved spacetime; it transforms like a vector under
coordinate transformations and is raised (or lowered) with g** (or g,). The Latin
index, a, is a tangent space (flat-space) index; it transforms under (local) Lorentz

transformations as a Lorentz vector and is raised (or lowered) with the Minkowski

space metric 7" (or M) The e, is the "square root" of g,,, in the sense that

G =e, eq, =T,e, €. (4.2.1)

This allows one to translate any formula involving the metric tensor into a

corresponding one, which involves vielbeins.

The configuration space of the theory is spanned by the real position
coordinates x“(7) and the Grassmann-valued spin coordinates y/(z), where x and a
both run from /,..., d, with d the dimension of the spacetime. The world and

tangent vector indices (i.e., a and p) can be converted into each other by the

a

vielbein e, (x) and its inverse e*_(x); for example, it is sometimes convenient to

introduce the object

wh(x)=e”, ()", (4.2.2)

transforming under general coordinate and local Lorentz transformation as a world
vector rather than a local Lorentz vector. The world-line parameter 7 is the

invariant proper time,
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clde’ =-g,, (x)dx¥dx". (4.2.3)
We choose units such thate = |,

The equations of motion of the pseudo-classical Dirac pérticle can be
obtained from the Lagrangian
dy®

y"—ig )'c’“)'c"+—1—i a 42.4
~= S Gy 5 " — (4.2.4)

The overdot, here and in the following, represents a derivative with respect to .

The covariant derivative of the spin vanable is

Dy*
Dr

=y -, v, (4.2.5)

where w,”, is the spin connection.

To fix the dynamics completely one has to add the condition expressed by
equation (4.2.3), which is equivalent to the mass-shell condition, together with
others necessary to select the physical solutions of the equations of motion; for

example, the restriction that spin be space-like, as expressed by (1.4.12), reads
@]Ee#ﬂx"‘w” =0, . (4.2.6)

which implies that  has no time-component in the rest frame. These

supplementary conditions have to be compatible with the equations of motion
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derived from the Lagrangian .&*[59, 61, 62]. However, in the formulation of

spinning particle dynamics these additional conditions are only to be imposed after

solving the equations of motion of the theory.

The configuration space of spinning particles spanned by (x'” ,a,y") is
sometimes referred to as spinning space. The solutions of the Euler-Lagrange
equations derived from the Lagrangian (4.2.4) may be considered as
generalizations of the concept of geodesics to spinning space. The supplementary
conditions then select those geodesics that correspond to the world lines of the

physical spinning particles.

Under arbitrary variations (5x” ,5w“), the variation of the Lagrangian

(4.2.4) is given by
5.9 = 5x”[— v %irxz_" ~éiw”wbRnby‘,x"J
+ Ay 1, DD"{;b + total derivative, (4.2.7)
where
Ay =6y ~&* w,", v’ ‘ (4.2.8)

is the covariantized variation of ° [60]. The equations of motion can immediately

be cast in the following form:
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o> « .V 1 - a .
o =i -r,F x4 % Z_E“// l,l/bRab'uy x°, (4.2.9a)
(ZW"
=0. .
dr (4.2.9b)

The canonical momenta conjugates to x and “ are

_ELFZ’ .y 1, a b
/'Q,Ll_-g’u— =g/“’x —Elw,uabw !)1/ , (42103)
and
_
) =2~{: - _ _é_[%, (4.2.10b)
W

respectively. This gives a second-class constraint. Eliminating the constraint by

Dirac's procedure one can obtain the canonical Poisson-Dirac brackets

(o4, o, =2, b =—pe. (4.2.11)

Accordingly, the Poisson-Dirac brackets for general functions F and G of the

canonical phase-space variables (x, /2, ) read

(F.G)=OF 9G _OF 8G . po OF G
ox* Op, O, ox” oy Oy,

(4.2.12)

where ar is the Grassmann parity of F with ag=(0, 1) for F' = (even, odd). The

canonical Hamiltonian of the theory has the form
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1w
H=>g" (2, +0,)p, +a,), (4.2.13a)
where
1- a,, b
W, =3Lw,uab vy (4.2.13b)

The time-evolution of any function F(x, /2, y) is generated by its Poisson-Dirac

brackets with this Hamiltonian:

L FH). (4.2.14)

Equations (4.2.11)~(4.2.14) describe the canonical formulation of the theory. The
disadvantage of this formulation is, that one loses manifest covariance. For this

reason it is often convenient to formulate the theory in terms of covariant phase-

space variables x*, 7,, w" where

_ =V
[, ,ep,+0,=4,% (4.2.15)
1s the covariant momentum. The Poisson-Dirac brackets for functions of the

covariant phase-space variables (x, /7 ) then become
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oG oG
F.Gi=\g F)—— - g
\F.6} ( ’ )any any( “G)
OF 080G . . OF 0G
-y +i(- 1) , (4.2.16
* o, arl, dy" Ay, )
where
: oF a oF
%Faaﬂwfryvﬁnla—ﬁ—my ! P (4.2.17)
is the phase-space covariant derivative and
> _1 .ooa, b
'-/‘?yv =—2-ll// W Rab’uv (4218)
is the spin-valued Riemann tensor. It follows from (4.2.16) that
{17;,=17‘;}=—9%V, (4.2.19)

which is the classical analogue of the Ricci identity when there is no torsion. In

terms of the covariant phase-space variables the Hamiltonian becomes

H—]

=5o" 1,0, (4.2.20)

The dynamical equation (4.2.14) remains unaltered, while the constraints in (4.2.3)

and (4.2.6) become
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2H=g" IT,1T,=-1, (4.2.21)

=11 y=0. (4.2.22)

Since these are not compatible with the Poisson-Dirac brackets in general, they are

to be imposed only after solving the theory. However, one easily finds that

{@. "H}=0 (4.2.23)

As the Hamiltonian itself is trivially conserved, equation (4.2.23) implies the
conservation of «7. Hence, the values of H and « given by (4.2.21), (4.2.22), are
preserved In time, and the physical conditions imposed on the theory are

consistent with the equations of motion [59].

4.3. SYMMETRIES AND CONSTANTS OF MOTION

The theory of a pseudo-classical spinning particle model possesses a
number of symmetries, which are very useful in solving the equations of motion
explicitly [62] because of their connection with constants of motion via Noether's
theorem. As mentioned in Chapter I, these symmetries can be divided into two
classes, generic and nongeneric symmetries. The generic kind exists for any
spacetime metric gyv(x), while the latter type depends on the explicit form of the
metric. The theory described by the Lagrangian (4.2.4) admits four generic

symmetries [59~61], two of which are proper-time translations generated by the
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Hamiltonian H, and supersymmetry generated by the supercharge <, equation

(4.2.22). The other two are chiral symmetry generated by the chiral charge

i[(”z]
R T A (4.3.1)
and dual supersymmetry, generated by the dual supercharge
" =il I,
l-[d/z]
=— @7 Eay.a T, ™y (4.3.2)

It can be checked that {H, I, }=0. Then the Jacobi identity with (4.2.23)

confirms that all the above quantities are constants of motion.

In order to obtain all the symmetries, including the nongeneric ones, we

now find all functions_#(x, 7/ y) such that

{H, #}=0. (4.3.3)

Using the covariant form (4.2.16) of the brackets, we simplify (4.3.3) to

1

”’” (9’/"’% = J

0. 434
o7 | (4.3.4)
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The second term in (4.3.4) vanishes if _#depends on the covariant momentum only

via the Hamiltonian: _#(x,/T,y)=_7(x,H,y) Then the equation (4.3.4)

simplifies to

I1-27 =0. ' (4.3.5)

In all other cases we need the full equation (4.3.4). This equation is satisfied for

arbitrary /7, if and only if the components of _# in the expansion

L
Va =Z;I7J( Wt (e WV, T,

n=0

(4.3.6)

"

satisfy the generalized Killing equations

(n)
{n) @ b aj."l "-:“rr) . {ne))

Dt )+ Pl V=5 0 = Al L) (4.3.7)

where D, is an ordinary covariant derivative, and the parentheses denote full

symmetrization over the indices enclosed.

Further, any constant of motion _# satisfies

7 { af . a a/
(& )=yt (%/4,,9% = J—ze"’ Tyote (4.3.8)

v
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If the curvature term undergoes three contractions with the anticommuting spin
variables, then with the Bianchi identity Ria) =0, equation (4.3.8) can be

written as

e, )= —(q/-@/ +ilT - %). (4.3.9)

In particular, for #= & we obtain the usual supersymmetry algebra:

(. @}=-2iH (4.3.10)

Then, the Jacobi identity for two &'s and any constant of motion _# confirms that

the quantity

e={e, 7} (4.3.11)
is a superinvariant and hence a constant of motion as well:
{@,8}=0, {H,8}=0. (4.3.12)

This result implies that constants of motion generally come in supermultiplets
{#,6}, of which the prime example is the multiplet (#, H) itself. The only
exceptions to this result are the constants of motion for which &=0, but which are

not themselves obtained from the bracket of & with another constant of motion.
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It follows from (4.3.9) that a superinvariant is a solution of the equation

{,/f/,/}.—.—[g/-,@/ +i17-%)=0. (4.3.13)

Expanding T (x,w) of (4.3.6) in powers of i and letting the coefficients be

fﬂ('”'“)“' ~#a (x), the series expansion of # can be put in the form

1+ m

b i[(ffz]

v (x,H,l//)=Z VAR AR T £))s s (4.3.14)
’71./ n! ..., ] Hy
mn=0
where /" is completely symmetric in the n upper indices {s} and completely

antisymmetric in the m lower indices {a;}. Equation (4.3.13) then gives the

component equation

nf(’""‘/-"‘/)(#1---,%-1 eHi)te _ Dy, fﬂ(:’.':{:'-'a)l’r---ﬂu, (4.3.15)

pt;.,, -

where D, =e*,D,, and square brackets denote full antisymmetrization, while

parentheses denote full symmetrization over the indices enclosed, all with unit

weight. In particular for m=0,

fa(l,n)(y,...;f,, eﬂ,,.,f)ﬂ =0 (4.3.16)

In a certain sense these equations represent a square root of the generalized Killing
equations (4.3.7). They only provide sufficient, but not necessary conditions for

obtaining solutions. However, at least one component of each supermultiplet
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(singlet or non-singlet) is a solution of equation (4.3.13). Having found @ one can

then proceed to reconstruct the corresponding _# by solving (4.3.11).

The content of equations (4.3.15) is twofold. On the one hand they partly
solve £*=1) " \which is symmetrized in one flat index and all (n-/) curved
indices, tn terms of f(’”‘""). On the other hand Equations (4.3.15) do not

automatically mean that f i+ L=} i completely anti-symmetric in the first (m+/)
indices. [f that condition is imposed on equations (4.3.15), one can find a new set

of equations which are precisely the generalized Killing equations for that part of
f(’””'”") which was not given in terms of f(”"""), and which should still be

solved for. This is the anti-symmetrized part of [ (n+12-1) in one curved index and

all (m+1) flat indices.

Thus equations (4.3.15) clearly have advantages over the generalized

Killing equations (4.3.7). To obtain the constant of motion corresponding to a

Killing tensor of rank n,

S ,
P i) =0 (4.3.17)

we have to solve the complicated hierarchy of partial differential equations (4.3.7)

for (J(”"),...,J(O)) and add the terms, as in expression (4.3.6). However, if one has

a solution f n(l".'.“'(',)“ 1-#n of the equation
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f(’"-") (,u,,..y" #nu)ﬂy = 0,

a0, e

(4.3.18)

then one can generate at least part of the components [ s 2an-aduppy.y g

e Oy 2y

a=1,...,n by mere differentiation. Then, equation (4.3.14) gives the corresponding
constant of motion. We consider an example in section 4.4 in which these

advantages become clear.

Finally we note that equations (43.11) and (4.3.12) imply that the Poisson-

Dirac bracket with «’defines a nilpotent operation in the space of constants of
motion. Thus, the supersinglets span the cohomology of the supercharge, while the

supermultiplets (_#,@) form pairs of «<-exact and <-coexact forms. Then, the

solutions of equation (4.3.13) correspond to the &-closed forms.

4.4. NONGENERIC SUPERSYMMETRIES

For any constant of motion # there exist infinitesimal transformations of

the coordinates which leave the equations of motion invariant:

ot =5a’{x”,,/"'},

Sy =daly”, 7} (44.1)
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where da is the infinitesimal parameter of the transformation. For example, the

action as defined by the Lagrangian in (4.2.4) remains invariant under the generic

symmetries, such as supersymmetry:

It =ie {(/ x"}=—£ee"a v,
oy’ =ie {(7 l//“}

=ee," i + &t sy, (4.4.2)

where the infinitesimal parameter € of the transformation is Grassmann-odd.

We now investigate whether the theory admits other (nongeneric)

supersymmetries of the type

St =—ie Py =—ie VN (4.4.3)
Such a transformation is generated by a phase-space function &
G=J" 0, + J?, (4.4.4)

where J”'(x, ) and J?(x, y) are independent of I7. If this ansatz is inserted into

the generalized Killing equations (4.3.7), it follows that

J(”)(x,w)=%<?abc(x)w“w”w" (4.4.5)
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with the tensors f#, and C,, satisfying the conditions

Dyfve+D,J,a=0 (4.4.6)

and

D,ucabc =_(R,uvnb fV" +R;1vbc fv" +R,uvr_-a fvb). (447)

Let there be N such symmetries specified by N sets of tensors

H G, ,,C),z'= 1,.... N. Then the corresponding generators will be

) ! a I a c
@ = ' M, ty Ciope VW W°WE. (4.4.8)

Obviously, for f¥,=e*, and C,,. =0, the supercharge in (4.2.22) is precisely of
this form. It is  therefore convenient to  assign the index

i=0: @& =&, e'a=ff,, etc., when we refer to the quantities defining the

standard supersymmetry.

The covariant form (4.2.16) of Poisson-Dirac brackets gives-the following

algebra for the conserved charges «7;:

& )=-2i7,;, (4.4.9)

J

@,

i

where
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I
Ziy =5 Kty 00,4111, 4G, (4.4.10)

and

v ] 1 v v a
ki =5(/x’afj w1 1) (4.4.11)

_1. b
It ——Ezt//"w I

iwn!//b(f;/b Dv fjun +ijb Dv .fi‘ua

N |~

J ! c
+3.fi‘u Cjabc""}fj‘u Ciﬂbc): (4412)
G _ L e b e
ij 4W vy i jabed

[ . / e
= —“;W ’//bllfc‘l/d (Rpmb .f:yc f_/},n' +3Cinb Cjcde} (4413)
From an explicit calculation one can infer that K, i1s a symmetric Killing tensor

of second rank:

D(l Kij/_lv) = 0: (4414)

while £, is the corresponding Killing vector:
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> _]- a b
’%ﬂ [if")——z—”// v D(y [ijv)ab

1. .
=Elw l//b Rab&(ﬂ Kijv)lr (4415)

and G;, the corresponding Killing scalar:
a9 G — 1 a b e d
w Gij == Vv Dy G jope

L. |
=Siv WP Ryyau 17 (4.4.16)

Thus we see that the Grassmann-even Phase-space functions Zj; satisfy the
generalized Killing equations. Hence, their bracket with the Hamiltonian vanishes

and they are constants of motion:

dZ, .
L= (4.4.17)
dr

Fori=; =0, (4.4.9) reduces to the usual supersymmetry algebra (4.3.10). If i or

is not equal to zero, the Z; correspond to new bosonic symmetries, unless
Kl =4, 9", with 4y a constant (may be zero). Then, the corresponding
Killing vector I/; and Killing scalar G;; vanish identically. Further, if 4 # 0, the

corresponding supercharges close on the Hamiltonian. This proves the existence of

a second supersymmetry of the standard type. We then have an N-extended

supersymmetry with N > 2. On the other hand, if we have a second independent
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Killing tensor K** not proportional to 4*, there exists a genuine new type of

supersymmetry.

Following (4.3.12) we obtain
@, e}=0 (4.4.18)
and hence &7; is a superinvariant, if and only if
Kol =ft e+ 7, e =0, | (4.4.19)

In the language of @-cohomology, @ is &closed. Using the discussion given at the

end of section 4.3 one can then construct the full constant of motion Z;; directly by

repeated differentiation of f#,.

Since the Z; are symmetric in (i j) by construction, we can diagonalize

them. Thus we obtain an algebra
@ @j=-20,, 2, (4.4.20)

with N+/ conserved bosonic charges Z;. If all «; satisfy condition (4.4.19), the

first of these diagonal charges (with i=0) is the Hamiltonian: Z; = H.

4.5. PROPERTIES OF f~SYMBOLS

In this section we turn our attention to the quantities f#, to study the

properties of the new supersymmetries. For convenience we introduce the second

rank tensor

f,llv=f,un eva’ (451)
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which will be referred to as the f-symbol. Condition (4.4.6) then gives

Dyfiy+ DS =0. (4.5.2)

This implies that the divergence on the first index of the f-symbol vanishes:

D,f"u=0 (4.5.3)

On contraction, equation (4.5.2) gives

DV‘f;JV:—a,u fvvr (454)

and hernce, the f~symbol will also be divergenceless on the second index if and

only if its trace is constant:
D,f,' =0 f,* = constant. (4.5.5)

If the trace is constant, then, since the metric tensor 4, is a trivial solution of
equation (4.5.2), it may be subtracted from the f~symbol without spoiling condition
(4.5.2). In this case one may without loss of generality always take the constant

equal to zero and then, f is traceless.

From equation (4.4.11) with f/ =e” , the symmetric part of the i-th f-

symbol is the tensor

M

Suv Kioyv = ';_ ( ny t fvp )‘ (456)
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which satisfies the generalized Killing equation

Dy 8,2y =0. (4.5.7)

Also, the antisymmetric part can be constructed as

!
Buv =By =2 i = fiu) (45.8)
satisfying the condition

DV BA}J_!—DZ BV‘U=D# SVA' (4.5.9)

Therefore, if the symmetric part does not vanish and is not covariantly constant,
the antisymmetric part B, 1s not a solution of equation (4.5.2). Also, then the

antisymmetric part of f can not vanish either. Hence, f can be completely

symmetric only if it 1s covariantly constant.

The interesting case is that in which the f~symbol is completely
antisymmetric: f,,=B,, . This is precisely the condition (4.4.19) for the
supercharge, &, to anticommute with ordinary supersymmetry in the sense of

Poisson-Dirac brackets. Also, equation (4.5.5) is trivially satisfied in this case.

The antisymmetric f,,, leads to say much more about the explicit form of the

quantities introduced above. If the symmetric part of a certain fj,, vanishes:

K = KV =0, (4.5.10)
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then the corresponding Killing vector 74 and the Killing scalar G;, vanish as well.

Thus for this particular /, Z;,=0 and then

(@, @}=0, (4.5.11)

which shows that «7; is superinvariant. To prove this assertion, we first note that

equation (4.5.2) for antisymmetric f,,, becomes

D, B, =-D,B,, (4.5.12)
Then, it follows that the gradient is completely antisymmetric:

D, B, =-Dy By =H . (4.5.13)

Taking the second covariant derivative of ,,, and then commuting the derivatives

and using equation (4.5.2) we obtain the identity

c 1 o o o
D;J Dv f;hc =Rvi,u fax +E(RV4K fycr +Ry,«1x fva —‘R,uvx f/lo‘) (4514)

For anttsymmetric f,,,, equation (4.5.14) implies

] o3 o [
D,u ]_[v)w =_2—(Rv,1;1 fo’x +R/1x,u fcrv + vay fcnl) (4515)

Comparing equation (4.5.15) with (4.4.7) we find that

e

2 abc =Hnbc =eﬂn evb e,{c Hyv}.: (4516)
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modulo a covariantly constant term. This result is an instance of equation (4.3.15)

with n=17, m=2.

The covariantly constant three-index tensor C,p, provides another

independent symmetry corresponding to the Killing vector

Iﬂ=-;—il,z/"u/b e, Cope - (4.5.17)
More precisely, if we choose

D, Cpye =0, : (4.5.18)
then

Z,.1,=0, (4.5.19)

and automatically /, satisfies the generalized Killing equation.

We observe that according to equation (4.5.10), X}? =0. Furthermore,

since C,,,. =0 identically, the right-hand side of equation (4.4.12) becomes

!
]iO,ul-'/l E]io,unb eva ezlh = D,{ B +'2—C 0, (4520)

v ipw1=

where the last equality follows from equation (4.5.16). Finally, the Killing scalar
G, becomes zero because of the cyclic Bianchi identity for the Riemann tensor

R,,1c and the vanishing of Cyqs.. This proves equation (4.5.11).
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CHAPTER YV

NONGENERIC SUSY IN KERR-NEWMAN SPACETIME

5.1. INTRODUCTION

The Kerr-Newman spacetime [130] is an axisymmetric asymptotically flat
stationary solution of the Einstein-Maxwell equations that describes the geometry

of a charged rotating black hole.

Recently, Gibbons ef al. in ref. [80] investigated nongeneric supersymmetry
in the Kerr-Newman spacetime in terms of the motion of pseudo-classical
spinning point particles. In view of extending this work in a more general

spacetime in the subsequent chapter we would like to review it in this chapter.

We arrange this chapter as follows. In section 5.2 we derive first the
Killing-Yano tensor in the Kerr-Newman spacetime and then describe the
corresponding Killing tensor, Killing vector and Killing scalar, which generate the

nongeneric supersymmetry. In section 5.3 we present a discussion.

5.2. SPINNING KERR-NEWMAN SPACETIME

In this section, the results of Chapter IV have been applied to show that a

new kind of supersymmetry exists in Kerr-Newman spacetime
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The gravitational and electromagnetic field of a rotating body with mass M

and charge g is described by the Kerr-Newman metric, which is

A 2
ds? =-— -—z(dt —-asinzﬁdgo)z +~p——drz +,02d6'2
p A
2
sin® g 2
T lo* +a* o - ac} (G-2.0)

and the electromagnetic field tensor

F=l—:—4(r2 —a"coszg)dr/\ (dt—asinZngo)

N 2q arcosf sin@
4

donl-adi+(? +a?)dg|,  (522)
p .
where

A=r’+a’ -2Mr+q?,

pl=r?+a’ cos’d, (5.2.3)

and the total angular momentum is J=Ma. The Kerr-Newman spacetime has two
horizons which are the event horizon located at », and the (Cauchy). inner horizon

located at r_ where

z 2

=Mt M7 —q —a’ (5.2.4)
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Expressions in (5.2.1) and (5.2.2) describe fields only outside the event horizon,

As was found by Carter [123], the Kerr-Newman spacetime admits two
independent second-rank Killing tensors. One is the metric tensor Guw here
defined by (5.2.1), which is a Stackel-Killing tensor for any geometry and the

corresponding conserved quantity is the Hamiltonian H given by (4.1.4):
H= L gm
=3 g 12,2, .

The other one is the Stackel-Killing tensor K, which corresponds to the

conserved quantity Z, given by (4.1.1):
Z= ! K*
- _2_ /Q#/_’JV *

In order to apply to spinning particles a supersymmetric extension of this result is
required. Such a type of extension is based on the antisymmetric Killing-Yano

tensor f,,. found by Penrose and Floyd [128, 129], which satisfies equation (4.5.2):
Dl f,uv +Dy fﬁ.v=0'

The Stackel-Killing tensor K, is exactly the covariant square of this tensor. Then
the new supersymmetry in the Kerr-Newman spacetime is generated by a
supercharge of the form given in equation (4.4.8), with the Killing-Yano tensor as

the f~symbol of
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the double vector f,°,

f#a — v e’ ,
and a corresponding three-index tensor Cg, obtained as in equation (4.5.16).

We now derive the explicit expression for the new supercharge and use this
to obtain the Killing vector [, and the Killing scalar G which correspond to the

Stackel-Killing tensor K, in the Kerr-Newman spacetime and which define the

corresponding conserved charge Z.

The Killing-Yano tensor in the Kerr-Newman spacetime is defined by

[127,128]
1 y »
Ef‘”" dx* Adx =ac056’dr/\(dt-—asm Bdgo)

trsin@df al-adi+(r? +a? Ho) (5.2.5)

The vielbein e#“(x) corresponding to the metric (5.2.1) has the following

expressions:

e},o dx” =——A(dt—asin26' d(o),
0
! %
e, dxt'=—"=dr,
* Ja
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e, dxt = pd,
ejclx“’=smg[ aclt+(2+ 2)(1’ ] '
H P - r a @\ (5.2.0)

Then, one finds the following components of f, ° (x):

S 0 dx# =—E—acos6?dr,

Ja

S " dx# =—£acos€ (d!—a sin’@ dqa),

Joi
fo2det ==L g +a?)dg)
y2,
S, ax* = prde. (5.2.7)

It can be checked that this f, “(x) indeed satisfies equation (4.4.6). In order to

find a conserved quantity we now need to calculate C,,.(x) from (4.5.16). Its

components are

2asind 244
C012= 0 3 C[)[j=0, C023=0, C”j:———p— : (528)

Using the quantities derived in equations (5.2.7), (5.2.8) we obtain from (4.4.8) the

new supersymmetry generator & , for the Kerr-Newman spacetime. From



113

equations (4.4.11)~(4.4.13), the Killing tensor K. Killing vector 1, and Killing

scalar GG can be constructed as follows:

2.2 2 2.2
, 6 A
Kﬂv(x)df"‘ dx¥ =—p—a#——dr2 +——a—l—:zm*8(dt—a sin’@ cl(u)g
2 -29
Qpl_z“[‘“adf +(r2 + az)d(p]z +pirido?, (5.2.9)
2
]p(x)dx” =—l-(rsin9w' +\/Zcost9wz)(asint9wo—\/2w3)
P

X[—aa’t+(r2 +a")dqp]
~iA cos@ y? (a sin8 w° —\/ij)dgo
+i\/Z(rsin<9 w' +JA cos wz)t,uj do

I.CISIIHQ 0 3 12
. r +acos@ d
= (rvw w'y?)dr

+ia (acostyy? —ry'y? s, (5.2.10)
2q acos @ .
G=-~‘7—pz———w0¢/’w~’y/’, (5.2.11)

The above expressions and <7y then define the conserved charge

z=7 i\, &}

N
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5.3. DISCUSSION

As expressed in (1.2.10) the anticommuting spin variables are related to the
standard antisymmetric spin tensor S, which appears in the definition of the
generators of local Lorentz transformations, by S=—iy/"y/. This relation makes
the physical interpretation of the equations (5.2.9)-(5.2.11) more clear. Indeed,
using the Dirac-Poisson brackets (4.2.16), it can be verified straightforwardly that

these equations satisfy the SO(3, 1) algebra. The full Lorentz transformations are

then generated by M“ =L" +8% with L the orbital part. Likewise, the
generators of other symmetries such as Z also receive a spin-dependent part. The
Killing tensor K, given in (5.2.9) is the one, which was found in ref. [12]. For
spinless point particles in Kerr-Newman spacetime it defines a constant of motion
directly, but for spinning particles it now requires the nontrivial confributions from

spin. This spin dependent part contains the Killing vector and Killing scalar

computed in (5.2.10) and (5.2.11).
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CHAPTER VI

NONGENERIC SUSY IN NUT-KERR-NEWMAN SPACETIME

6.1. INTRODUCTION

In the previous chapter we have reviewed the work of Gibbons et al. [80] of
investigating nongeneric supersymmetry in the Kerr-Newman spacetime. In this
Chapter we would like to extend that work in the Kerr-Newman spacetime
generalized with NUT (magnetic mass) parameter [92]. This type of extension is
interesting in that the spacetime endowed with NUT parameter should never be

directly physically interpreted [83].

We arrange this chapter as follows. In section 6.2 we derive the Killing-
Yano tensor in the NUT-Kerr-Newman spacetime and calculate the corresponding
Killing tensor, Killing vector and Killing scalar, which generate the nongeneric

supersymmetry. In section 6.3 we present our remarks.

6.2. SPINNING NUT-KERR-NEWMAN SPACETIME

In this section we apply the results obtained in Chapter IV to the motion of
pseudo-classical spinning point particles moving in a stationary axisymmeiric

spacetime of general relativity described by the NUT-Kerr-Newman metric, which

has the form
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2
2
e tfa (o bonmer ),

sin’0 ? i
+ l;z [adt—(r‘?+az)d€9] * %drz*“ﬁf’dgzs (6.2.1)

where
A=rl+a’ =n’ —2Mr+g°?,

2

pl=y? +(n—acos€)2, (6.2.2)

M is the mass, g the charge, a=(J/M) the specific angular momentum of the
gravitating body, and » the NUT {(or magnetic mass) parameter. The

electromagnetic field tensor associated with the spacetime (6.2.1) is expressed by

F=2 |7 (n-acost) dr/\{dt—[a—(iﬂs-g—)z—]dqa}

P a

+ 3541 (n—acos8)rsind dH/\[a dt—(rz +a2)d¢] (6.2.3)
yo,

The NUT-Kerr-Newman spacetime has two horizons, which are

respectively the event horizon located at », and the inner (Cauchy) horizon at »_,

where

=M M - —al tn’. (624
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Expressions in (6.2.1) and (6.2.3) describe fields only outside the event horizon.

The NUT-KN spacetime has two independent second-rank Killing tensors. The

metric tensor 4, here given by equation (6.2.1), is a Stackel-Killing tensor, which

exists for any geometry, and the corresponding conserved quantity is the

Hamiltonian H given by (4.1.4):
H - 1 AV
= E 4 /3;, 2,

The other Killing tensor is the Stackel-Killing tensor K,,, which is the g~
independent solution of the generalized Killing equation (4.3.7) with n=2. The

corresponding conserved quantity Z is given by (4.1.1):
zZ= ! K#
- E /jy /jv .

We need a supersymmetric extension of the above result to apply to
spinning particles. This type of extension is based on the antisymmetric Killing-
Yano tensor, £, , found by Penrose and Floyd [127, 128], which satisfies equation

(4.5.2):

Dl f;lv+Dyf/1v=0'

The Stackel-Killing tensor K, is exactly the covariant square of this tensor. Then

the new supersymmetry in the NUT-KN spacetime is obtained from a supercharge
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given in equation (4.4.8), with the Killing-Yano tensor as the f~symbol of the

double vector f,°,

f“, a _ v evn ,
and a corresponding three-index tensor C, as obtain in equation (4.5.16).

We first derive the explicit expression for the new supercharge. Using this
we then obtain the Killing vector [, and the Killing scalar G which correspond to

the Stackel-Killing tensor K, in the NUT-Kerr-Newman spacetime and define the

conserved charge Z.

As was defined in [127, 128], the Killing-Yano tensor in the NUT-KN

spacetime 1s given by

/ u v _ (n—ac059)2
3 S dx" ~odx ——(n——acosé?)dr/\ dt - a—__a—___ do
—rsin@dQ/\[adt—(rz +a2)dga] (6.2.5)

The vielbein e,”(x) corresponding to the metric (6.2.1) has the following

expressions:
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1 { p
e, dx*=-"2 dr
8 Ja
2 Ho_
e,” dx*' = pdg,

sin@

e,’ dx* S [a dt—(r2 +a‘7)(lgp]. (6.2.0)

Using the vielbein one then finds the following components of £, ° (x):

fﬂo dx” =——\/pj (n—acos@)dr,

yo, a

;
f#f dx = va (h-—a cos@){dt ~ [a - QI—M} d(p}

72 et = TN (2 v )ag)
)

[’ dx* = prdé. (6.2.7)

It can be checked that this [, * (x) indeed satisfies equation (4.4.6). Finally, to find

a conserved quantity we need to calculate C,, (x). Using equation (4.5.16) its

components are given as follows:

244

2asin@ -
il 3 C013=0, C023=0, C[23=—T. (6-2.8)

Coin =
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Inserting the quantities derived in equations (6.2.7), (6.2.8) into equation (4.4.8)
we obtain the new supersymmetry generator «7; for the NUT-KN spacetime. From

equations (4.4.11)—(4.4.13) we construct the Killing tensor, vector and scalar as

follows:

K,,.,.(x)dx"dx“ - ,02 (n —acos 6’)2 arl + A(n —d cox@)z

A Py

Ja-fo-tseml

L’%’;z_@[a di-(p? +a ol + p?ria0?,  (629)

21 . )
Iﬂ(x)dx“ =——p—z—(r5m9 w! o+ J4 cos8 !p'z)(asmH el —\/Zl/lj)

x [a dt —(rz +a2)a’¢}

—iA cosf y? (asin@ w’ ~Ja Wj)dgj

+1'\/Z(rsim9 (//’ +\/_A-c059u/2)¢/3 de

iasing

wlu? —(n—acos@)w'y? |dr
T by % J'v?]

~iJa [(n—acosﬁ) vy’ +rw’y/2]d6‘, (6.2.10)

2 —acosf
G= Cf(n pzc )Wow[(r//‘?[’yj, (6.2.11)
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The expressions for &;and (6.2.9)—(6.2.11) then define the conserved charge

z=2 110, o/}

ba |~

We note that for n=0 the above results reduce to those obtained-for the Kerr-

Newman spacetime [80] (described in Chapter V).

6.3. REMARKS

The supersymmetric extension of the NUT-Kerr-Newman spacetime admits

nongeneric supersymmetries.

The Killing tensor K, given in (6.2.9) defines a constant of motion directly
for spinless particles in the NUT-Kerr-Newman spacetime, whereas for spinning
particles it now requires the nontrivial contributions from spin which involve the

Killing vector and Killing scalar computed in (6.2.10) and (6.2.11).

The results obtained in this Chapter for the NUT-Kerr-Newman spacetime
[92] go for the NUT spacetime when a=4g=0, and for the Kerr-Newman spacetime
[80] when #=0. The study thus not only encompasses the results of Gibbons ez al.
[80], but also provides similar results for the NUT spacetime, which is sometimes

considered as unphysical [82].
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CHAPTER VII

NONGENERIC SUSY IN HOT
NUT-KERR-NEWMAN-KASUYA
SPACETIME

7.1. INTRODUCTION

In Chapter VI we have investigated a new kind of supersymmetry and the
corresponding conserved quantity in the NUT-Kerr-Newman spacetime [92] in
terms of the motion of pseudo-classical spinning point particles. In this chapter we
would like to extend that work in a more general spacetime called the combined
NUT-Kerr-Newman-Kasuya-de Sitter spacetime. This is the NUT-Kerr-Newman
spacetime generalized with an extra magnetic monopole charge and a
cosmological constant. This spacetime is asymptotically de Sitter and since de
Sitter spacetime has been interpreted as being hot [96], we call it the hot NUT-

Kerr-Newman-Kasuya (H-NUT-KN-K) spacetime.

In recent years there has been a renewed interest in the study of magnetic
monopole [113, 117-120, 131-134]. Our work is also interesting in that regard.

Besides, because of the presence of cosmological constant, this work is interesting

from the point of view of inflationary scenario of early universe.
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We arrange this chapter as follows. In section 7.2 we derive the Killing-
Yano tensor in the H-NUT-KN-K spacetime and calculate the corresponding
Killing tensor, Killing vector and Killing scalar, which generate the nongeneric

supersymmetry. In section 7.3 we present our remarks.

7.2. SPINNING HOT NUT-KERR-NEWMAN-KASUYA SPACETIME

In this section we apply the results of Chapter 1V to the motion of pseudo-
classical spinning particles moving in a more general spacetime in general

relativity described by the hot NUT-Kerr-Newman-Kasuya metric, which has the

form
-2 , 2
z 6
ds?= 240 + Zgr? + 22050 ik pdg)?
) Ar
3724, 2
- (de — Adp)*, (7.2.1)
where

)J=rz+(n+czc059)2,

g =1+§A a’ cos’d,

A,.'—‘(Fz +a’ +172)[1—§A(r2 +5’IZ)}-2(M"+”2)+C/EZ+%,' ’
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3=1+—]-/1a2 ,
3
2

p=ri+a’+n?,

A=asin’@-2ncosf. (7.2.2)

Besides the cosmological constant A, the metric possesses the mass parameter M,

the NUT (or magnetic mass) parameter n, the specific angular momentum

parameter a (=J/M), the electric charge parameter g,, and the magnetic monopole

charge parameter g,,. The surface 4,=0 gives the horizons of the spacetime. The

electromagnetic field tensor associated with this spacetime is expressed by

F=

3-1 (qe + iqm )
E"f

[r2 —(n +ac0s9)2]d”’\ (a1 - 4dg)

. -/ .
_ g, +iq,)3 ;Sn+aem€)sm@dé’/\(~aa't+pdgp). (7.2.3)

The spacetime given by (7.2.1) and (7.2.2) includes:

(1)
(i1)
(i)
(iv)
(v)

NUT-Kerr-Newman-Kasuya (NUT-KN-K) spacetime for A=0;
hot Kerr-Newman-Kasuya (H-KN-K) spacetime for n=0;

hot NUT-Kerr-Newman (H-NUT-KN) spacetime for ¢,=0;
hot Kerr-Newman (H-KN) spacetime [135, 136] for n=¢,=0;

hot Kerr spacetime [136, 137] for n=¢,=4,=0;
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(vi) hot Reissner-Nordstrom spacetime for n=¢,=a=0;
(vi))  hot Schwarzschild spacetime {136, 138] for n=g,=a=¢,=0;

%

(vii)  hot NUT spacetime [139] for a=¢,=¢,=0;

?

(1x) de Sitter spacetime [140] for M=n=a=g,=¢,,=0.

Thus we observe that the H-NUT-KN-K spacetime includes the NUT-KN-K, H-
KN-K, H-NUT-KN, hot NUT, de Sitter spacetimes as well as all the black hole
spacetimes (iv)—(vii) which are asymptotically de Sitter. Further, if we put A=0 in
the cases (ii)—(vii), we get the Kerr-Newman-Kasuya, NUT-Kerr-Newman
spacetimes and all the black hole spacetimes which are asymptotically flat. In the

limit A=0, the case (viii) reduces to the NUT spacetime, which is sometimes

considered as unphysical.

The H-NUT-KN-K spacetime has two independent second-rank Stackel-
Killing tensors. One is the metric tensor g,,, here defined by equation (7.2.1),

which exists for any geometry and the corresponding conserved quantity is the

Hamiltonian H, given by (4.1.4):
1w
H = 3 g"" 1, 12,

The other Stackel-Killing tensor is the tensor K, and the corresponding conserved

quantity Z is given by (4.1.1):
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I
Z-—-EK“ B, 2,

To apply to spinning particles we need a supersymmetric extension of this result
and such an extension is based on the antisymmetric Killing-Yano tensor f,, found

by Penrose and Floyd [127, 128], which satisfies equation (4.5.2):
D,l fpv +Du fﬂ.v =0.

The Stackel-Killing tensor K,,, is exactly the covariant square of this tensor. Then
the new supersymmetry in the H-NUT-KN-K spacetime is obtained from a

supercharge given in equation (4.4.8), with the Killing-Yano tensor as the f-

symbol of the double vector f,°,
f,ua = fﬂv eVﬂ‘

and a corresponding three-index tensor C,;, as obtained in equation (4.5.16).

We first derive the explicit expression for the new supercharge. Using this

we then obtain the Killing vector /, and the Killing scalar G, which correspond to

the Stackel-Killing tensor K,, in the H-NUT-KN-K spacetime and define the

conserved charge Z.

As was defined in [127, 128], the Killing-Yano tensor in the H-NUT-KN-K

spacetime is given by
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if dxydxv=(n+acos0)
Hv

dr A(dt - A d(a)
2

rsing

dr a(-adt+ pdgp). (7.2.4)

The vielbein e””(x)con'esponding to the metric (7.2.1) has the following

expressions:

eyo d? =~ ‘/—’— (dt - Adyp),

u = s (~adt+ pdp) (7.2.5)

Using the vielbein one then finds the following components of f,° (x):

fyg dxt = vz (n+acos8)dr,

N

a4,
fy" dxt =- 3\/\75 (n+acos8)(dt- Adp),
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Ay rsin@
2 z]
dxt' =——————(~adt+ pdp)
Iv v ( pdy)

-

S Ty = rda.

E (7.2.0)

It can be checked that this f, “(x) indeed satisfies equation (4.4.6). Finally, to find

a conserved quantity we need to calculate C,, (x). Using equation (4.5.16) its

components are given as follows:

2a .4, sinf 2,4,
012=*L_= Cor3=0 Coa3=0 Cjp3=~-—7. (7.2.7)
3V Iz

Inserting the quantities derived in equations (7.2.6), (7.2.7) into equation (4.4.8)
we obtain the new supersymmetry generator & for the H-NUT-KN-K spacetime.

From equations (4.4.11)-(4.4.13) we construct the Killing tensor, vector and

scalar as follows:

2 2
Kw(x)dx'“dx” =_(H+aCOS9) Ea’rz +A,(n+cjzcos@) (dt—Ad(p)z
A4, EP)
M(—adl+ d )2+£—r2d(92 (7.2.8)
3y s Ay ’ o

2i

[I,(x)dx” = s (rsin@w’ +\/-ATCOS9W2)
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x(a@sin()w“ ~J4, y/")[—a di+ p dy)
—1'\/A_,cos0!//" (a \/ZI; sin@ " -—\/A_,.ufj)rlqo
+£'\/A_,.(rsin(9w/ +\/A—,.COS6’I//2)V/1 do

a J A, sing
[Iv% SNY \/Z_rsm (rl//ol//j+(n+a0059) [//II//Z)dr

iJ4,

’

+ \/Z [(II+(!COS9){,’/0V/3 —-r{//l!//2]d(9, (7.2.9)
o

GZ—i(-%—;——M;{M)(N+aCOSQ)WOWIWZW3- (7210)

The expressions for 7y and (7.2.8)—(7.2.10) then define the conserved charge
z=Lile, @)
—’5 I \,f, f -

We note that the above results reduce to the results of the NUT-Kerr-Newman
spacetime, described in Chapter VI, for A=¢, =0, and of the Kerr-Newman

spacetime, described in Chapter V, for n=A=¢,,=0.
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7.3. REMARKS

The supersymmetric extension of the hot NUT-Kerr-Newman-Kasuya

spacetime admits nongeneric supersymmetries.

The Killing tensor K, given in (7.2.8) defines a constant of motion directly
for spinless particles in the H-NUT-KN-K spacetime, whereas for spinning
particles it now requires the nontrivial contributions from spin which involve the

Killing vector and Killing scalar computed in (7.2.9) and (7.2.10).

The result obtained in this Chapter for the H-NUT-KN-K spacetime goes
for the NUT-KN spacetime [92] when A=¢,,=0, and for the Kerr-Newman

spacetime [80] when n=A1A=¢,=0.

This study not only encompasses the result of Gibbons ef al. in the context
of Kerr-Newman black hole spacetime and of our work in the context of NUT-
Kerr-Newman spacetime, but also provides similar result if the Kerr-Newman
spacetime is involved with magnetic monopole and/or cosmological constant. So,
it 1s interesting to note that the physical result remains the same whether or not the

magnetic monopole does exist in nature.
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DISCUSSION

Our main concern has been the geodesic motion of pseudo-classical
spinning particles in the Schwarzschild spacetime [Chapter 11] generalized with a
charge parameter [Chapter I1I] along with a NUT parameter [Chapter [II] and
nongeneric supersymmetry in the Kerr-Newman spacetime [Chapter V]
generalized with a NUT parameter [Chapter VI] along with an extra magnetic
monopole charge and a cosmological constant [Chapter VII]. From this work, it
appears that the mathematical treatment for studying the spinning particles in the
non-black hole spacetimes having horizons is the same as in the black hole
spacetimes. Not only the mathematical treatment for studying the spinning
particles but also for other cases this assertion holds true. For example, we would
like to mention different works of Ahmed [141-146], Ahmed etal. ['l 47-152] and
of ours [153]. Ahmed extensively studied different problems such as
superradiance phenomena, Hawking radiation in the spacetimes, which are not
black hole spacetimes but the spacetimes having horizons. Ahmed observed in his
different works that the physical results in superradiance phenomena and Hawking
radiation are not only true for the black hole spacetimes but also true for the
spacetimes having horizons. The mathematical treatment followed by Ahmed in
all of these cases is analogous to those used for the study of radiation for the black

hole spacetime.
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The supersymmetric extension of curved spacetime admits "nongeneric"
supersymmetries along with "generic" ones. Spacetime supersymmetry has
previously been applied to charged black holes in the context of N=2 supergravity
theory. The application of world-line supersymmetry in Chapters IV-VII seems at
first sight to be unrelated to that work. The results concerning a 'hidden’
supersymmetry related to the motion of spinning point particles are applicable to
all members of the Kerr-Newman family of black-hole spacetimes and to the
spacetimes which are not black-hole spacetimes but have horizons such as hot
NUT-Kerr-Newman-Kasuya spacetime. On the other hand, the Killing spinors
giving rise to symmetries of the spacetimes of charged black-holes in the context
of N=2 supergravity theory, arise only in the extreme cases (or indeed naked

singularities) in which mass and charge in suitable units are equal.

Supersymmetry and its local version —supergravity—are relevant in the
fundamental theory of particle interactions. In modern particle theory, SUSY is the
most general symmetry of the S-matrix consistent with relativistic quantum field
theory [154]. So it is not inconceivable that nature might make some use of it.
Indeed, superstrings [155, 156] are the present best candidates for a consistent
quantum theory unifying gravity with all other fundamental interactions, and
SUSY appears to play a very important role for the quantum stability of

superstring solutions in four-dimensional spacetime.

For all of the above reasons, the study of spinning particles in curved

spacetime is well motivated.
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