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&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

&KDSWHU 6HYHQ
OXOWL 6ROLWRQ DQG LQWHUDFWLRQ VROXWLRQV

$FNQRZOHGJHPHQW

,Q WKLV FrZSWFHRUWLYH D PXOWL VROLWRQ VROXWLRQ IRU W
VROLWRQ %%6 HTXDWLRQ E\ XWLOL]JLQURPKW KLV PEADIWH G
VROLWRQ VROXWLRQ ZH LQYHVWLJIJDWHSYDBURDBW KRIWP VRROILW
GRXEOH NLQN\ OXPS W\SH EUHDWKHU VROLWRQM\ MROKLVLRC
EUHDWKHU VROLWRQ DQG FROOLVLRQ RI RGDIRH) RIKBRXEO
DSSURSULDWH VHOHFWLRQ RI WKH LQYROYHNG SHDWRHMWH LY
YDULRXV SODQHV HYHQ LQ YDULRXVLWLRE@V IRQWDBWXEOMHQSLC
W\SH OXPS EUHDWKHU DUH H[SHULHQFHGE LTXKMDHULRKW 5QBGQ}
FRQWURO RI WKH SURSDJDWLRQ GLUHFWILRAD YH@HEAN MHWH Sk
SDUDPHWHUY DUH DOVR DQDO\|JHG GRRWKHLEXQBVFLBVHRILWK
DFKLHYHG VROXWLRQV 7KH DFTXLUHG UHNWYX@®RW W kB (K HIXUWHLLF

GLPHQVLRQDO QRQOLQHDU VFHQDULRYVY LQ WKH HQJLQHHULAQ.
L QWURGXFWLRQ

1RQOLQHDU SDUWLDO GLIIHUHQWLDO PRGWBUSDHW RDADHNQ
FRPSOLFDWHG DUHDV RI VFLHQFHV D@®GVWHEFIL® HFHRWL@MHF WL R
RFHDQLF VFLHQWLILF SUREOHPV IOXLG BRKEPPEB® IXWWIRRAS K
SODVPD DMEBLRWKH@W KDV WKUHH VHEWLRQV VSHELILEDOC
IUDFWDO &RQFHSWV RI VROLWRQV [HDH VK ID\UWIDI Q QI LFID@AL
VFLHQFH 7KH KRW WRSLFV Rl VROLWRQW RHL. \WRBS ZNYGN |
H[SORUH WKH IHDWXUHV RI VROLW D UK IZYDHY HE HHX@® HBLHROH\O R §itS

YDULRXV UHOLDEOH DQG IUXLWIXO DSSKR®FRWD @ FRQWO\ WK
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=1



&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

PHWKRGZGLUHFW DOJHEUDRLBUERWKRGIDQVIRUPRDWLRQ
H[SDQVLRQ PHWKRESDQVLRQ>PBWMEKREGXQFWLRQ ®@HWKRG

KRPRJHQHRXV EDOD@FRPRHNWRISR GSHUW X U E IWLKRIQ LRN\N KR B

VFDWWHULQY WUDRWRURUWK ,Q D ZHOO NQRZQ DSSUF
ELOLQHDU PHWKRG ZDV ILUY W@\KGY VAFFFRWKRE GE EFRRH RWVIHF W
UHOLDEOH ZLWKLQ WKH VKRUW WLPELIR®D XONBSWRD BHYULYR.
ZDYHV EUHDWKHU ZDYHV DQG H[FLWNVN@RDROWERG@N]HG IRUPDW|
7KH SULPH DLP RI WKLV FKDSWHU MR GWRWGE R QW DRLGE) W RHQ W R
YDULRXV QHZ NLQGV RI ORFDOL]HG ZD DM OHMHROWNLILE Q \VE WHRDW K

VROLWRQ %%6 GHTX DM EHREQURWD ELOLQHDU WHFKQLTXH
)[[[\ )\)[[ )[)[\ )[W

7R UHDFK RXU JRDO WKLV FKDSWHU LV +LWRNWDI HEG C\Q HROC

WHFKQLTXH WR (GHRHUPR QHV RIBKHWLRQV RI WKH %6 HTXDW

VHFWLRRQIHUV WKH OXPS EUHDWKHU VROLWRQ DQG WKHLU

HTXDWLERIO O\ VRPH FRQFOXVLRQV DUH GURZQ LQ WKH VHFWL
OXOWL VROLWRQ RI WKH %%6 HTXDWLRQ

'LVSHUVLRQ UHODWLRQFIRQY BWK H YDWXKDWHG FRQVLGHULQJ D
DQ H[SRQHQWLDO IRUP DV

) [W H[S, -, D[ E\ YW
([HUWLQD WKIHQWR WKH OLQKDU WENWPWWIKRRIE Rl WKH GLVS

UHODWDRRQ

. DE L Q

DQG WKH UHVXOwWDQW YDULDEOHY WDNH SODFH DV



&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

L Q[ '1::\ DLL\HL Q
/IHW XV FRQVLGHU WKH FRQYHUVLRQ UHODWLRQ

) [W 50Q [W,

1RZ HIHUWDOQJ WKWK [W H[S LQWRTWKHDQG WKHQ UHVROYF

¢ ZH DFTXLUH

7R HYDOXRWHWRQ VROXWLRQ ZH PXVW FRQVUMHUQWKH VXS

WKH IROORZLQJ

Q Q
ww  TH[S ! $H[S -,
Q Q
:$§mm$mrll_|[s. ™M N _ﬁMH[q L
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+HUH ZH FRQVLGHU WULDO VROXWLRQ IRU WZR VROLWRQ DV
W [W H[S H[S $ H[S -

BHWWILQJ ZLWK DQG LOQWRTWKHWKHQ VROYLQJ IRU XQNC
$ ZH JDLQ
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D D DE 1) oE B

,Q WKH VLPLODU zZzD\ ZH FDQ JHW WKUHRPTIRXUZBERGBHPRUH VF

WKH XQNQRZQV DUH JLYHQ E\

$LMQDWDLEM |, R B Q
R ,DbER @ R B

SURYLELEYDRE, W, DE B, z

3URILOH RI WKH VREMELRY PXOWL VROLWR Q/ RADOWRQ RARO RW

DV GHSLFWHG LQWRNY®EH D QW ZH JHW VLQJOH NLQN ZDYH I



&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

)L J DGRXEOH NLQN VRIOLWRED/Q®REWMHIEYOH NLQN VROLWRQ
yLJ FUHVSHEWLMMOGHQWO\ REWHUDPBGURWKDW EHIRUH
W DQG DNWHRROOLVLRQ PXOWL NLQN VROLWRQV UHPDLQV '

ZLGWK DQG VSHHG DUH VDPH 7KDW LV WKH FROOLVLRQV DU

L E F
)LJ 6 NHWFK(RI WEKIHWK D QG IRU WKHDYDO XH YV

D E E E D ' VKDSH RI VLQJO® NLE@N' WKOISW RR]
GRXEOH NLQN RQ WZR VRXKDGERQRI WULSOH NL@N RU WKUHH VRO

IXPS DQG EUHDWKHU VROLWRQ VROXWLRQ RI WK

7KLV VHFWLRQ UHFDOOV WKH PXOWL VROHIWWRHVYROKWAW QN
FROOLVLRQ RI D VROLWRQ DQG D OXPS WHSIK) BMARDWKRASE VR

W\SH EUHDWKHU VROLWRQV LQ WKH VXFFHHGLQJ VXEVHFWLR

IXPS W\SH EUHDWKHU VROLWRQ VROXWQLRNH IURP W
WR FUHDWH OXPS W\SH EUHDWKHU ZDYH SVURISDIDIWPIHRQW7R

OHDVW WZR VRELBROWYROXGGE RWQYKBI QO QAW O LP
E S LTE S LTLQWRTWKHQG DQG WKHQJLYHV
) [W-~0Q H[® FRW¥ $ H[SO |
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&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

Dw EW FW
yLJ 2XWORRNRI WKIHWWK WKH SDUDPHWULF BDOXHYV
' SORW XSSHU DQG LWV FRQWRXU SORW EHORZ

D\ E\ F\

)LJ 2XWORRNRI WKIWK WKH SDUDPHWULF BDOXHYV
' SORW XSSHU DQG LWV FRQWRXU SORW EHORZ
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&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

0 d s\ Oos PpPS @®TWV P[ T\ OT PT ® S W

P & O TP
O W SP S

D Q%
7KH VROXWLR@ERPHV IURP WZR VROLWRQV VROXWLRQ DQG J
SURSDJDWLRQ )HDWXUHYV RIEWHKHYVR O XX\V%ISRIQ LWV FRQWRX
EHORZ IRU WOKH WFDOXBV T JLIXUHV VKRZ WKDW WKH V

H[KLELWV DV OXPS W\SH EUHDWKHU SWRSREDWIUXGY DORQJ
E IRU GLIIHUWQWLWLSHRSDJIJDWH QRW DPORMIQHDERWR[ L
SDUDOOHO WR WKH.5DUDGRR R EQHWWHIU\ FDVH DOO OXPS JH
ZDYH :H DOVR REVHUYH WKDW WKH X\PLQ B LAD Y & VWIKWH HJIO W
TXDGUD®W IRRYHV WRZDUG WKH SDUDGR[ ZLWK WLPH LQF
SDUDGW|[ DIWQG WKHQ PRYHV DZD\ IURP WKH SDED@R[ LQWR V
W ZLWK LQFUHDVH WLPH ,WV VZLIWQHVQJHEGHDBGWKHD QG
ZKRGMQDPLFDO V\VWHP DQG SHULRGLF OXPS IRFFHOFKTXLGL)
VI\VWHP
$OWHUQDWLYHO\ ZH H[SHULHQFH GLIIHUH® W KHOH@RIPHQD Zk
,Q WKLV FDVH (WKH WRIODEBWWR/QDYV PXOWL OXPS ZDYHV SHULR
VLQJOH NLQN\ZDYREAMBHOQYH D EXW H[KLELWV GRXEOH NLQN
\ REVBHUXH EDQG SHULRGLF OXPS W\SH VFUDWFK DUH D¢
NLQN ZDYH
,QWHUDFWLRQ RI D VROLWRQ D Q GWIK lDHHP & R\O BW REQ
VROXWLRQV ,Q WKLV FEDVH ZH ZRXO @& LR HE HWRZ IGHIQV 1S b R IL QK
OXPS W\SH EUHDWKHU ZDYHV FRPHV IURPQWW®RLVROHWRGY [

FRQVLGHU WKH WK UEHSXWRODLAUR@ARTWRIORWWRQ DQG



&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

WKH@O OAHWP D OLPD FE S LTE S LTE GLQWRTWKH

WRIHWKHWU ZLWK WKBIQ Gr JLYHV WKH UHVXOWDQW VRO X

) [W-0Q~"H[® FRW $ H[SO
H[$[ G\ FGW UH[® F[ G\FGW
FRVY [ $ UH[SO F[G\FGW

ZKHBH I; & o TP 0 dga s\ 0s PSS ®TW

» SP e

V P[ T\. OT PT @®SWDQG® 3 L4 (H[¥ VD\ WKHQ

$ 3 L4 (H[SY LQ ZKLFK3 4 DQG WD%

,Q WKH VROXWLRQ FRPHV LQ WHUPV RI WKH FRPELQD
SHULRGLF VLQXVRLGDO IXQFWLRQ H[KLELWWH FRODWKRQ RI
VROLWRQ DQG D NLQN VKDSHG)OL\QH \DRYOA WRRIQWERW Y DHZHHG L
o P S T F 7KHUH DUH WZR VXE FDVHV H[LVWHG
LQWHUDFWLRQ GLUHFWLRQ

&DVH JR3] ZH REVHULYH VH&BSHU DQG LWV FRQWRXU
WKDW WKH WZR ZDYHV DUH DOZDDW S\DKUD @QRB WIRLEQDFAKU RPN
WKH FRQWRXU SEEB8RWYXY :H DOVR REVHUYH WKDW WKH WZR
GRXEOH NLQN ZDYH FRQWDLQV SHULRGUW ADLAYN LO/XRS ZDYHV

D XSSHU BWHIRWFHROOLVLRQ DQG )XSSHUBNSISHU VEHVHU
W FROOLVLRR 9@D OWKHJHVSHFWLYHO\ 7KH\ DUH RYHUC
W ZKHUH KLJKHVW DPSOLWXGH JFRPHXSBEWR \BIEMKXD OVCH HW K
ZKROH FROOLVLRQ SURFHVVHV LV RFORSFORWHHIO H B OLDQV W KF FKR

SORWYV EHORQ@ WKH VDPH SODQH



&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

DW EW FW
)LJ &ROOLVLRQ EHWZHHQ EUHDWKHU OXRS VRORWRQ DQG NLQN ¢
P S T F G " SORW XSSHU DQG LWV FRQWRXU SOR
Dw EW FW

)LJ &ROOLVLRQ EHWZHHQ EUHDWKHU OXRS VRORWRQ DQG NLQN ¢
P S T F G ' SORW XSSHU DQG LWV FRQWRXU SO



&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

D\ E\ F\
)LJ &ROOLVLRQ EHWZHHQ EUHDWKHU OXRS VRORWRQ DQG NLQN «
P S T F G ' SORW XSSHU DQG LWV FRQWRXU SO

&DVH )R® ZH REVHUYH VHASSHU DQG LWV FRQWRXU
WKDW WKH WZR ZDYHV D NLQN\ SHULRGIOMN OKISSMGSEGILRBIHEL
VROLWRQ LOQWHUDFW DW D FHUWIDQW HUDIFOM W KHV HUB HW WKW LL
VKLIWLQJ RI WKH FROOLVLRQ FKDQJHWVJD ORMIRQHRDMWN YHHR I
RI' \ D[LV REVHU¥YHEXW DW WKH LQWHUPHGLDWH WLPH WKH
REVHUYH E7KH RYHUDOO SURSDJDWLRQ SURFMADWHY HODVYV
WKH SORW [SOWRHWNKHPLODU HODVWLF FROOLVLRQ DUH DOVI
ZDYHV ZLWK WKH VDPH SDUDIPHWULKXKSTHUX HVQ QR EWHW FIRQ W
EHORZ

JRXU VROLWRQV DQG ,QWHUDFWLRQ RR WZR OXPS

GHWHUPLQH LQWHUDFWLRQ RI WZR OXPRWMBGEHBU B WWIREKW



&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

VROLWRQ VROXWLRQV ,Q WKLV UHJDUBS¥R@VIQAHU WKH WK

(T ZLWKT DQ&KHQ bOBWP D OLP D O LP

D OLPE S LTE S LTE S LTE S LTLQWRTWKH

WRIJHWKHY ZLWKDQG JLYHV WKH UHVXOWDQW VROXWLRQ D\

) [W-OQ”H[® FRW H[® FRW

$ H[SO $ H[SO
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$ 3 L4 (H[®Y¥ VD\ 3QG3 L4 ( H[Y VD\  WKHQ
$ 3 L4 (H[SY DQHG 3 L4 ( H[SVY

7R ILQG WKH YDOXPQ®ZH DSEQ8 4 DQG WDé_

,Q WKH VROXWER®HV LQ WHUPV RI H[SRQHQWLDO DQG SHULF
H[KLELWV FROOLVLRQ RI D SDLU RI SHWLLHRAHG)IOXMEKW\SH EU
ZLWK WKHO YDPXHVS T O P S T DW

W W LV IDVFLQDWLQJ WKDW FROOLVICROP IRFA QXWXHHEUHQ\
GLVWLQFW SODQHV %RWK BHOXSWHE RHEWMY¥RQWRXU EHOF

QRQ HODVWILFJ REFHBYHSSHU LWV FRQWRXU EHORZ FRO
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&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

GLIIHUHQW WLPHV DQGLJGLIIBHKIOEN WS\O BE@RKEOH NLQN W\SH

EUHDWKHU VROLWRQ IRU HODVWLFQFROBKVQRP®SDW\SEHIRUH DY
ZDYH UHPDLQV WKHLU VDPH VROLWRQLE PRMDQIHDOR@G LG
RSSRVLWH SDUB®PQH WKHV REVHUYHG WKDW WKH VRPH OX
JRW LQWR HDFK VROLWRQ EHLQJ DQV WK B RO & HUWKID@FAH HAKRIR
WDNH WKH VDPH SORBWDIQH VEKM \LIDP BW I | H UWQR KWEPW\D@WR Q

HODVWLF IXVLRQ SKHQRPHQD DIWH UL ¥R OMR \EALRQ \B VY SURCGR Q
GLUHFWLRQ JREVBUXSSHU DQG LWV FRQWRXU EHORZ 2WK
RZQ WKH FROOLVLRQ ZKHSDREMHUWHIG/ IMHMXKMWKDW D EUHD\
LOQWHUWFW @& WKHQ FDXVHV ILVVLRQ DV LW VSHMLW LQWR \

REVHUYH F XSSHU LWV FRQWRXU EHORZ WLPHV JRHV E

DW EW F\
)LJ &ROOLVLRQ RI SHULRGLF OXPSKIMQG SROLRGLF OLQH ZDYHV
S T @) P S T '"SORW XSSHU DQG LWV FRQWRXU

i1fA



&KDSWHU 6HYHQOXOWL 6ROLWRQ DQG LOWHUDFWLRRGHMROXWLRQV

&RQFOXVLRQV

,Q WKH VXPPHU\ ZH KDYH EHHQ VXFFHWKRBOWR XUBG PIXIDRWA
VROLWRQ (VROXR/ILW@¥ HTXDWLRQ 9WHHRXV SDUDPHWULF YD
KDYH EHHQ VHOHFWHG WR JHW GLVWL@UXH VNKL G NQ EDPXLFFD OV \FS
EUHDWKHU VROYLWRQV NGRXEOH NLQN\ OXPS W\SH EUHDWKH
YLIV E DQG D FROOLVLRQ RI D NLQN OLQH VROLWR
EUHDWKHU VIROLWRQ VBI®IG FROOLVLRQ RI D SDLU RI NLQN
VROLWRQY VHH WKH DSSURSULDWH VHOHFWIKRHQ PKIOM[LVW ¢
VROLWRQ VROXWLR&MVRI BMKHD WRBHOVWKROG XQOLNH IHDWXL
HYHQ LQ YDULRXV WLRHV (ODVWDRG/BRQY H@DVWLE VHH

F FROOLVLRQV IRU GRXEOH NLQN\ W\SH OXFO BHHDWX HQ DU
YDULRXV WLPHV 6RPH ILJXUHV DUHRILWHK®E WRKILE ® M G WURIDX M
7KLV ZLOO DOVR SURPSW XV WR H[SORUH QB DFFXRDIMKH W F
VROXWLRQ WR WKH PRGHOV 7KH DFTXLD® GSURYKXOWINVH ¥ DR

KLJKHU GLPHQVLRQDO QRQOLQHDU VFHQDULRYV LQ WKH HQJL



&KDSWHU (LIKWXOWL 6ROLWRQ DQG LQWHUDFWLRQ VROXWLRQV R

&KDSWHU (LIJKW

0OXOWL VROLWRQV DQG LQWHUDFWLRQ VROXWLRQ

$FNQRZOHGJHPHQW

,Q WKLV FKDSWHU WKH +LURWD ELOLGQHBEXWGHWE MNFDIDL WRIQ
VROXWLRQV RI WKH GLPHQVLRQDO 6KDURDDTDMYR+20 Y}
UHYHDO WKH LQWHUDFWLRQV DUH QRWQKHOMWD PRUA NOQANR @ R
IXVHG RU D VLQJOH NLQN ZDYH VSOLW LMQMWRQPRUHGMIUQN HZ D
NLQN\ OXPS EUHDWKHU FRPER OLQH NLQN DQG MLQN\ OXPS
EUHDWKHU ZDYH VROXWLRQV WKDW GHJHQBHBWHYHW®PEW ZR
FKRRVLQJ FRPSOH[ FRQMXJDWH YDOHX KW YLIDYR QWK ) 1 QUWWHHI B B
DUH QRQ HODVWLF IXVLRQ SKHQRPHQD WHDNLEANQ K XPEG EU!
EUHDWKHU IURP WKH FROOLVLRQ Rl OLQH NIHQNLD®G FRPER
OXPS EUHDWKHU IURP D SDLU RI NLQN\ OXPSVEVYHOWRKH ZDY
ILVWLRQ SKHQRPHQD DOVR REVHUYH U RRWHK ARQIGPLHV L R @ HRL
SDUDPHWHUV $00 VSHFLDO SURSHUM LLK\O RY WUKHVHGF RO D \

'"DQG FRQWRXU SORWYV
 QWURGXFWLRQ

1RQOLQHDU HYROXWLRQ PRGHOV FDQ LOOXQVWDODMRXWDULR
EUDQFKHV LQFOXGLQJ IOXLG PHFKDQLFVVRBINWKBHN®DWILHD & R
ELRORJ\ DQG V@&LREK WKH LPSURYHPHQW RI WKH VROLWRC
HITHFWLYH DQG UHOLDEOH VFKHPHWYRWRWLAKQW VRH W KOH \W RIBQHE
EHHQ SUHVHQWHG>LQ WK RXMHOHUQWMNIUBDO WHEKQLTXH ZKLI
+LURWD ELOLQHDU VEKHPH ZDV SUL®B\WUKEQURGEHYBYWHG L

HITHFWLYHO\ DSSOLHG LQ KXJH>DPR®QW Rl QRQOLQHDU PRGF



&KDSWHU (LIKWXOWL 6ROLWRQ DQG LQWHUDFWLRQ VROXWLRQV R

7KH SULPDU\ SXUSRVH RI WKLV FKDSWHU LYRWR OD@& VRPE

FROOLVLRQ VROXWLRQV RIWKH IROORZLQJ 672/ PRGHO

lw S 1 1g@T 1, Tw i, I wil,, I,@

Gy hw Iy bow 1y @
ZKHWUH | DUH IUHH SDUDPHWUIMAWKBAOXR¥Y¥WIKRED WKDW FRQWL
YDULOEOHVDQG WLPH YDKH DRDBRWHHIJUDOLRSWKBWRYHUVH RI

7KH 672/ PRGHOFDQ H[SODLQ WKH H[WHQVLRQ Rl QRQOLQHDL
LOQKRPRJHQHRXV @HKAWVXPRGHO FDQ DOVR LOOXVWUDWH YDL
DUHDV IRU LQVWDQFH RSWLFV SODVRDV@TXDQWXP SK\VLFV
7KH GHVLJQ RI WKLV FKDSWHU LV JLYHIHDV WWUDQWOR ZPDMAR
HVWDEOLVK WKH PXOWL VROLWRQ VRRQAWLBROFMWRRQ@WKH 672
GLVFXVVHV WKH LQWHUDFWLRQ /\DR/GON L RQQ FROIX WIKRIQ ¥ 7 D/Q 8 |

FRPPHQWY DUH SURYLGHG LQ VHFWLRQ

OXOWL VROLWRQV RI WKH 672/ PRGHO

7R DFKLHYH GLVSHUVLRQ UHODWLRAIH FFIRWKHGEN2 /DR B SR Q H (

IXQFWLRQ VROXWLRQ DV EHOORZ
YW H[S. - R[ B\ Rl »W
3XWWLQJLQ WKH OLQHDIU SD WKW @ IZW KD Y H
Yo DD EDE FDR L Q
7KXV ZH UHDFK WR
-~ B[ E\ E] DD EDRE FR VL Q
1RZ FRQVLGHU WKH ELOLQHDU FRQYHUVLRQ UHODWLRQ

YW soR [\,



&KDSWHU (LIKWXOWL 6ROLWRQ DQG LQWHUDFWLRQ VROXWLRQV R

,QVHUWLQDQG H[S LQ WKH WKHQIVRE DKV
¢

JRU PXOWL VROLWRQ VROXWLRQ VXSSRVH WKH WULDO IXQFVW

Q Q Q
M [\W : H[SL : aW[SL Y : 3§M\3MV\I_|[SL "M N

_3,HId -,
L L
1RZ VXSSRVH WKH WULDO VROXWLRQ IRU VROLWRQ DV IROOC
A [\W H[S H[S 3 H[S -
3XWWLQJLQFOXGLQJIDQG LQ WKH WKH Q3V RICHOHG V
3
6LPLODUO\ ZH FDQ ILQG VROLWRQ R@OILWRD DQG DOO R

ZLWK WKH IROORZLQJ FRQGLWLRQV

3u M Q

6KDSHV RI WKH ZDYH MRJIHWKHY ZLWK IRQ
DQGH[KLELWY RQH WZR DQG WKUHH VROLEBHRE IMRWXWLRQV

ZLWK WKH SDUDBHWNLE KFDBXHW D D

E ,W LV H[SHUQHQFIMNS WK\YWD VLQJOHLNLQNDZDYH YLHZ

RQO\ EXW LQ WKH LQWHUDFWLRQ VER®XMLRDYDVYHYIOH NLQ
YLHZJ EDQG VLQJOH NLQN ZDYH VSOQW LQMHZIWKUHH NL¢

F DIWMU LQWHUDFWLRQV GXH WR QRQ HODVWLE FROOLYV
UHYHUVH SKHQRPHQD DOVR REVHUYHG |RW HIHY BH$HFRMRHGS L q

yLJ H |



&KDSWHU (LIKWXOWL 6ROLWRQ DQG LQWHUDFWLRQ VROXWLRQV R

DT U ET U FT U

GT U HT U T U

)LJ 6KDSH RI WKH ZDYH VRWXWLIRQ D &LQJOH NLQN VROLWI
Q E KEXDO NLQN VROALWROPNVSOH NL@N VROLWRQV

, QWHUDFWLRQ VROXWLRQV RI WKH 672/ PRGHO
JRU UHWULHYLQJ OXPS EUHDWKHU WKHQGQWHWDAHV DX® SE H

EUHDWKHU DQG LQWHUDFWLRQ RI GRXEOH OXRI® EQQ HQWKHU

WKH QH[W VXEGLYLVLRQV

&ROOLVLRQV RI VROLWRQ GHJHROUDMRB V. QWRIID O

ZH VSRWOLJKW RQ OXPS VKDSH EUHDWKRQV VRO SWRBQJIJOWL

SUHVHQW WKDW ZHQKDYHTWR DIWYXPWKHQ BSO0IBFH

b ([ L E. L E . L F+/t UL F +/ U LQWRTWKHDQG

(T WRIJHWKHU ZL\WHKOGYV



&KDSWHU (LIKWXOWL 6ROLWRQ DQG LQWHUDFWLRQ VROXWLRQV R

D wW E W FWwW
)LJ 2XWORRNTRI WKIR E F L £ . (
/ L DW '"SORW XSSHU DQG LWV FRQWRXU SORW E
D] E] Fl
)LJ 2XWORRNTRI WIRD E F L £ .

( / L D W "SORW XSSHU DQG LWV FRQWRXU SOR



&KDSWHU (LIKWXOWL 6ROLWRQ DQG LQWHUDFWLRQ VROXWLRQV R

Il [\W ~"0Q H[® FRW
ZKHWH D[ J\ K] DD DE EDJ D & EJ

FDK DEU EK W
DQGV E[ G\ U] DDE E EDG DE EG

FD U DEK E U W
+HUH WKH ZDYH HTXDSMHDQYV IURP VROLWRQ VROXWLRQ GH,

VKDSH EUHDWKHU ZDYH E\ WDNLQJ FRPS$SPWKEAQW XM VER PRV
ZLWK WKH FRPELQDWLRQV Rl H[SRQHQWLIRO W®E YDYMVRLG
HTXDWLRQ LWLHZHGJLQ ' GLDJUDP DERYH FRUUHVSRQGLC
GLDJUDP EHORZ )LJXUHV GLVSOD\ WWDMWMH VEKH IV\R R M W IZDQ H

WKH SODQH] ZLWRG LW PRYHV WRZWUGY LWKHWIPWDERHYV YLH.

)LJ DDUULYH DW WKH YDWRGR[ ERDRG WKHQ JR DZD\ IURP
SDUDGR[ ZLWK WY PMHZX FDQG RYHUDOO LWV PRYHPHQW HDF
RQ D NLQN ZDYH ,WV GLUHFWLRQ ZLGIWMX WDRIE RHORFQ®\
SURSDJDWLRQ SURFHVV DQG SHULRGLF OXPSUHPFIXGHMTXDO

WKLV ZH VNLOOHG D VLPLODU SKHQRPHGHDZAWQAQRWNHWEFK YL

+HUH WKH OXPS EUHDWKHU ZDYH PR YWHRPWRZIDUWGV MV K X CE@®UWI
ZLWK YD OX®FRHDVHV YLBIUHDFK DORQJ WKH YSOH{ZDGR[ DW
E DQG WKHQ JR DZD\ IURP WKH SDUDGR[ WHURIXJK SRVL

| YLHEJ MQEG RYHUDOO LWV PRYHPHQW HDFK OXPS RFFXU

&ROOLVLRQ RI VLQJOH VROLWR®@® ZURK DVEORS/ K Y \DRIOK!
+HUH WKLV VXEVHFWLRQ GHFLGHV ROGRWRQVLARQ BHWXASIYW
EUHDWKHU ZDYHV GHIJHQHUDWH IURP RWKWKUWHARVRROWWR?
Q RQH VROLWRQ UHPDLQ VDPH DQG WK \RWWKWLD W IRKKNRC

FRPSOH[ FRQMXJDWH QHZ BDUDPHONULRLYDOXH OLNH



&KDSWHU (LIKWXOWL 6ROLWRQ DQG LQWHUDFWLRQ VROXWLRQV R

DW EW FW
)LJ ,QWHUDFWLRQ RI VLQJOH VROLWRQ Z(ITWK DD@WXPS VKDSH
\ GLPHQVLRQDO GLDJUDP DERYH DQG FRUUHVSRQGLC
[ E ] F

)LJ ,QWHUDFWLRQ SURILOH RI VLQJOH VRRLWK® ZLWK D O:
DW GLPHQVLRQDO GLDJUDP DERYH DQG FRUUHVSRC
XQGHU



&KDSWHU (LIKWXOWL 6ROLWRQ DQG LQWHUDFWLRQ VROXWLRQV R

E . kL F+t¥ U F +t U D GE HF NLQWRTWKHDORQJ

ZLWK(WKH (T DQGT \LHOGYV
I [\W OQAH[® FRW HI[S |
ZKHWH D[ J\ K] DD DE EDJ DK EJ
FDK DEU EK W
V E[ G\ U] DDE E EDG DE EG

FD U DEK E U W

DQ@GG[ H\ N] DG EGH FG W
TKHT H[KLEMRWDXWLRQ RI WKH FRPER H[SRQHQWLDO DQC

GHPRQVWUDWH LQWHUDFWLRQ RI D OLQH WRQLBRQY HVLRQQW R
D NLQN ZDYH DV )VIJKDADHEG)LQRWKWMKHSYD®XHV

[ : . ( / { G H N

JLIXUHV GLVSOD\ WKDW WKH VROXWLRQ UEYHD®\K DY DDNHQ
IHZ OXPS JHW LQ HDFK NLQN ZDYH LQWHUDKWWRBYEHIHQH
VHH ' SORWV Rl BIWHU LQWHUDFNMIREHY WKLV ZH VNLOOHC

SKHQRPHQD ZKHQ VNHWF®DYQAHNVZHKBQAL Y KWAKIHLI X U H V

&ROOLVLRQ RI GRXEOH NLQN\ OXPS WQRDRSH BMLKDOHKHU
NLQN\ OXPS VKDSH EUHDWKHU ZDYH 7R HVWDEKOLYHK FROOI
EUHDWKHU ZDYHV ZH UHFDOO WKH IRRMOMIOVRRQW R/R ¥RW KX
(T +HUH WKH IRXU V& OLWRDQN\WH MRMOX\SDRQPHWHUYV DV W

FROQMXJDWH QHZ SDUDPHWULF ¥DOXAVIOLINH WKHQ OHW
D [ LU E . L E . Lk E . Uk E . LU F / U
F ¢+ U F / L F / U LQWRTWKHWRIHWKHU ZLWK(T

D QG \LHOGV



&KDSWHU (LIKWXOWL 6ROLWRQ DQG LQWHUDFWLRQ VROXWLRQV R

| [W OQAH[® FRNV H[® FRW |
ZKHWH D[ J\ K] DD DE EDJ D KB EJ

FDK DEU EK W

V E[ G\ U] DDE E EDG DE EG
FD U DEK E U W

O D[ J\ K] DD DE EDJ DEG EJ
FDK DEU EK W

DQB F£[ G\ U] DDE E EDG DEJ EG

FD U DEK E U W

D] W E\ ]
)LJ ,QWHUDFWLRQ SURILOH RI WZR WK®8BN\ OXPS EUHDWKH
GLPHQVLRQDO GLDJUDP DERYH DQG FRUUHVSRQGLQJ F

TKHT HIKLELWRIOPWLRQ RI FRPER H[S VLQXVRLGDO I1XQ

LOQWHUDFWLRQ RI GRXEOH NLQN\ OXPS MWKDSHIRUHDWHHU ZD



&KDSWHU (LIKWXOWL 6ROLWRQ DQG LQWHUDFWLRQ VROXWLRQV R

YDOX$HYV T U L £ . ( / l

L £ . ( / U )LJ GLVSOD\ WKDW WKF

VROXWLRQ UHYHDOV DV D SDLU RI FRPERVH LAQW RO XPELRUBH
FRPER NLQN\ OXPS ZDYH\DIWHWHH QWHQURIWW LFD@Q G DIWHU
LQWHUDFWLRRH ' SOIRWV RISIWHU L H AKHQLJ D

FRPER NLQN\ OXPS IXVHG DQG GHJHQHUDWHG HQWR D VLQ.
FOHDUHG IURP LWV FRUUHVSRQGILQH FHERMRXU SE@RWV $IW]
FRPER NLQN\ OXPS IXVHG DQG GHJHQHUDWHG HQWR D VLQ.

FOHDUHG IURP LWV FRUUHVSRQGLQJ FRQWRXU SORWYV

&RQFOXVLRQ

+LURWD ELOLQHDU LQWHJUDO WHFKBUTLXH RDWRBDHMW®R X WHR® X
RI WKH 672)lPRGH KDYH REWDLQHG D NLON\ OXIPS EUHDWKH |
FRPER OLQH NLQN DQG NLQN\ OXPS EUHDWKHW GHJHQHUDWH
)LJ DQG D SDLU RI NLQN\ OXPS EUHDWKIY MEHIJHQHUDWH L
VROXWLRQV IURP WZR WKUHH DQG LEXF RRDAM[RRR/Q VXV B W
YDOXHV RI LQYROMHIGDY BIUBHPHIQV HUSHULHQFHG ZLWK ILVVLRQ
LQLJ )LJ )L)JLJ ITURP LQWHUDFWLRQV RI PXOWL VRO
EUHDWKHU ZDYHV 7KH GLPHQVLRQDO DQ® GROWRXW HG WK}
G\QDPLFV Rl QHZ SURSHUWLHV Rl WKHVMFKR®®GLFDRQD OR & XBN

XVHG WR GHULYH GLVWLQJXLVK FRPSOH[ QRQOLQHDU PRGHO



&KDSWHU 1LQH &R
&KDSWHU 1LQH

&RQFOXVLRQV

7KLV GLVVHUWDWLRQ KDV EHHQ SXMMHR@W HRSI K\ B WV WUWHDH
PRGHOV QDPHO\ WKH %RJIJR\DYOHQVNWLRY EWHBINLQJ

GLPHQVLRQDO %HQMDPLQ %RQD ODKRQ\ %XUJHH@V I%RQIO H
6KDUPD+7DVVR*20YHU OLNH 672/ HTXDWLRRRB\ DI SKDY&J
VXFFHVVIXOO\ REWDLQHG WKH ELOLQH B UDERYRH DX H B WHRU
‘H DOVR REWDLQHG PXOWL VROLWRQ VRO XWKLIR %% ® QG GV & H:
PRGHO :H HYDOXDWHG YDULRXV FKDUDGWRMY IADNIHF RIVWIKR
IXVLRQ DQG DQQLKLODWLRQ SURSHUWLKINWR Z I MY H DN KH
QHZ G\QDPLFV IRU %%0% DQG 672/ PRGHOWKZKDEK BU B WXWH
RQH FRPHV IURP WKH LQWHUDFWLRQ RI NX®I$ D %HODRRS WD
%%0% PRGHO 7KLV NLQN\ OXPS ZDYH MBIGLQWXPEWRVGRIXEOE
OXPS ZDYHV GXH WR ILVVLRQ IRU WK H LG PEMD R GHHN® X DFOF
W K HJ 7KH VHFRQG SURSHUW\ LV FRPHV IURP WK O@WHUI
OXPS ZDYH DQG D SHULRGLF VLQXVRLGDO IXQRWXWQR®NJI
RI WKH 672/ PRGHO JLYHV K\EULG )0XPS DAD Y B FURIDX\W VYRR
FRHIILFLHQW RI FRVLQH IXQFWLRQ JUDBRROMXHAXKLNGQNNUB
SHULRGLF ZDYHV SURYLGHV D GRXEOHJINLQMNHS 8 KPR GLFWRX\
GRXEOH NLQN ZDYH VSOLW GXH WR ILVVLRQHSNRGNXFHANYD K\
$00 VSHFLDO SURSHUWLHV Rl WKHFREHWDIOQ HG WIIR @X WX R DN
SORW ' SORW GHQVLW\ SORW FXUYH SOBBUD® BWRIGFWVRXQ
ZLWK WKH DLG RI WKH FRPSXWDWLRQDO VREWQDHI@UQE R OW
G\QDPLFDO SURSHUWLHV Rl WKH KLJKHU GLOHBVLRQDIOHQRBG

s 7z



SHIHUHQFHV

> @ 6 800CDK 5RVKLG 0 = $0L $ %LVZDV 0 (NLFL 6
$O]DKUDQL O 5 %HOLF 2SWLFDO VROLWRR] IR DWQYBWL
PRGHO E\ XQLILHG DSSURDFK 5HVXOWYV 3K\V

> @ 6 800GDKR 5RVKLG 0 = $OL 1 ) 0 1RRU 1RYHO G\QCL
IRU &DKQ $OOHQ DQG GLIIXVLYH SUHGDWPWWUEBED PRIGHO V ("
$SSO O0DWK

> @ 6 800ODK2 5RVKLG : ; OD 0 = $0OL = 5DKPDQ ,QW
DPRQJ OXPS SHULRGLF DQG NLQN ZDYH MRRDXWAL\RWOQR/ 20K HU
OLNH HTXDWLRQ &KLQ - 3K\V

> @ 6 800GDKR 5RVKLG 0 = $0L = 5DKPDQ "\QDMLEQ@O VW

VROXWLRQV WR WKH %RJR\DYOHQVNLLYY EUHDNLQJ VROLWE

> @ 6 80GDR 5RVKLG 0 = $0OL = 5DKPDQ 1RYHO/HROLFW
WKH WLPH IUDFWLRQDO JHQHUDOL]JHG KUBRYWD Y\WoDHV YEX®@ B URD
. XGU\WVKRY PHWKRG &RQWHPS O0DWK

> @ 6 80@WDK $OL + 2 5RVKLG $ 5 6HDGDZ\ ' %DOHDQ
DPRQJ OXPS SHULRGLF DQG VROLWRQ VROXWLRQVIWR D
VROLWRQ PRGHO 3K\V /HWW $

> @ 6 80@WDK $OL + 2 5RVKLG 0 ) +RTXH &ROOLVLRQ
SHULRGLF DQG VWULSH VROLWRQ VROXWLRDKRWR WDXUJHGL

ORGHO (XU 3K\V - 30XV SHYLVLRQV %HLQJ 3URFH



>@ % 4 /L < / 0D 5RJXH ZDYHV IR UKWHKH IRISBAOLH F® H LIE R
2SWLN

>@ 2 $ ,0KDQ 7 $ 6XODLPDQ + 9%XOXWH+VRO XDVRERD X\
QRQOLQHDU PRGHO DULVLQJ LQ SODVPD SK\VLFV (XU 3K\V
> @ 0 $JXHUR 0 1DMHUD DQG 0 &DUULOQR) 'BQFODV\
YLEUDWLRQDO G\QDPLFV ,QWHUQDWLRQDO -RXUQDO RI ORC
> @ : $OND $ *R\DO DQG & 1 .XPDUL$1RIQFFIDWHD UH@HDPQ
VROLWDU\ ZDYH VROXWLRQV 3K\V /HWW $

> @ + 7ULNL $ %LVZDV 6 3 ORVKRNRDG (FR®ME UK DANSLVRIQ
ZLWK TXDGUDWLF FXELF QRQOLQHDULW\ 2SWLN +
> @ % 4 /L < / 0D 3HULRGLF VROXWLRQV DBG&BROLWR
HTXDWLRQV LQ RSWLFDO ILEHU 2SWLN +

> @0 ) +RTXH + 2 5RVKLG 2SWLFDO VR G LPRGH U RO XWKLH
WDIQ H[SDQVLRQ DSSURDFK 3K\V 6FU

> @ % .LEOHU - )DWRPH & )LQRW * BNKPEBWHY) :LDV
'XGOH\ 7KH 3HUHJULQH VROLWRQ LQ QRQOLQHDU ILEUH RS
> @ 0 /DNVKPDQDQ . 3RUVH]LDQ 0 '®QLMIOH @RAW. ®XGL
Rl WKH +HLVHQEHUJ VSLQ FKDLQ 3K\V /HWW $

> @ . 'LHWKHOP 1 - )RUG - 0ODWK $QDO $SSO

> @ + 5H]D]DGHK + $PLQLNKDK $ 5 6KHONKDQUDEWDRC
GLIIHUHQWLDO V\WVWHPV O0DWK &RPPXQ

> @, 3RGOXEQ\ )UDFWLRQDO GLIIHUHQWLDO HTXDWLRQV

> @ . % 20GKDP - 6SDQLHU 7KH IUDFWLRQDO FDOFXOXYV

iid



> @ - 6 5XVVHOO 5HSRUW RQ ZDYHV LU MV LARHOH WRLW@D JW R

DGYDQFHPHQW RI VFLHQFH -RKQ 0XUUD\ /RQGRQ +
> @ - 9LOODUURHO - 3UDGD 3 * (VWPYH] I'\QBFXPWRRQ.
BWXG $SSO 0DWK +

> @ 6 9 ODQDNRY 9 ( =DNKDURY / $ %RUGDJ $ 5

GLPHQVLRQDO VROLWRQV RI WKH .DGRP\HWMB ¥ VEHRQY LDRAR/Y L€

$

> @ + 2 B5RVKLG /XPS VROXWLRQV WR D +6DEDRHQVL

)XNX\DPD <76) OLNH HTXDWLRQ ,QW - $SSO &RPSXW 0D

> @ : : 0D /XPS VROXWLRQV WR WKH .B&RPWMM*3HWYLI
+

> @ - 3 <X < |/ 6XQ B6WXG\ RI OXPS VR QXXWHRP\O WR GG LF

HTXDWLRQV 1RQOLQHDU '\QDP

> @6 7 &KHQ : ; 0D /XPS VROXWLR@W MR FOQ RSGIOF K E Q]

HTXDWLRQ )URQW ODWK &KLQD

> @ = ;X + &KHQ = 'DL 5RJXH ZDYH IRU WKWYLDV&YRPABQ

HTXDWLRQ $SSO ODWK /HWW +

> @ & .KDULI ( 3HOLQRYVN\ $ 60XQ\DBYULSRIIKH ZIHUHOA

*HUPDQ\

> @/ 6WHQIOR 0 ODUNOXQG 5RJXH ZDWHV LQ WKH DWPR

+
> @/ & =KDR '\QDPLFV Rl QRQDXWRQRPRXV URWH ZDY'

$QQDOV RI 3K\VLFV



> @ 1 $NKPHGLHY $ $QNLHZLF] O 7DNL :DQIWBVGWKDW®SHS.

ZLWKRXW D WUDFH 3K\V /HWW $ *
> @/ 'UDSHU )UHDN zZDYH ODU 2EV +
> @ ' + 3HUHJULQH :DWHU ZDYHV QRQOLQHDRQFKU|GLQ

$XVW ODWK 6RF 6HU %
> @ ' - .HG]JLRUD $ $QNLHZLF] 1 $NKPHGLHY 6HFRQG

HTXDWLRQ EUHDWKHU VROXWLRQV LYW KGHK\THIHFHWYDWH D (

> @ 1 $NKPHGLHY 9 , .RUQHHY ORGXODXWLRRQ Y QRIWWELE
QRQOLQHDU 6FKU|GLQJHU HTXDWLRQ 7KHRUHW ODWK 3K\V
> @ < & 0D 2Q WKH PXOWL VROLWRQ VROXIWRR Y VR 6WRA
$SSO 0DWK +

> @0 / :DQJ ; = /L - F =KBBDQJ@KHRQ PHWKRG DQG WUI
VROXWLRQV RI QRQOLQHDU HYROXWLRQ HTMDWLRRV LQ P

i

> @$% $ *DEHU $ ) $OMRKDQL $ (EBIGG.XGUIDWYRRKD
PHWKRG IRU QRQOLQHDU VSDFH+*WLPH |URFWORQIHO VS W 9/
1RQOLQHDU "\QDP +

> @ 5 +LURWD ([DFW 6ROXWLRQ RI WKHKQOQRUWE HAHIR®@K IOWLL

BROLWRQV 3K\V 5HY /HWW +
> @ = +DPPRXFK 7 OHNNDRXL 3 $JDUZDO 2SWLFDO
%RJR\DYOHQVNLL+6FKLII HTXDWLRQ LQ FROLPUPIVERD \

GHULYDWLYH (XU 3K\V - 30XV



> @5 .XPDU 0 .XPDU $ .XPDU 6RPH VROLIM®R @ IMRHDXMQWR |
HTXDWLRQV E\ WDQ FRW PHWKRG ,265 - 0DWK +
> @ $ 0 :D]ZD] 7KH WDQK FRWK PHWKRG IRU VRODLWRQYV
SDUDEROLF HTXDWLRQV $SSO ODWK &RPSXW

> @ $ 5 6HDGDZD 7KH VROXWLRQV RI WKHR WERXYVGQHYV
HTXDWLRQV E\ XVLQJ WKH GLUHFW DOJHEUDLF PHWKRG $S:
> @9 % ODWYHHY 0 $ 6DOOH 'DUERX[ WUDQVIRUPDWLR(
> @ + 2 5RVKLG 0 ) +RTXH 0 $ *8NEB S5 DIGN\ZL R QWS KIRSG
WUDYHOLQJ ZDYH VROXWLRQV RI QRQOLQHDQ BDWWHPDWAIF
SK\WLFV ,WDOLDQ -RXUQDO RI SXUH DQG DSSOLHG PDWKHP
> @ + 2 5RVKLG 1 5DKPDQ 0 $ $NEDU 7UDYHGLQJ ZDY

*RUGRQ HTXDWLRQ* B\ H[®DHD\EHR® PHWKRG $QQDOV RI S

PDWKHPDWLFYV

> @ + 2 5RVKLG 0 $HPF®KPDO[SDKH'LRQ PHWKRG ZLWK DE

W KH GLPHQVLRQDO FODVVLFDO %RXVVLQHVT HTXDWLRC
> @ 0 $ $EGRX 7KH H[WHQGHG ) HISDQVLRQFEBWKRG D
QRQOLQHDU HYROXWLRQ HTXDWLRQV &KDRV 6ROLWRQV DC
> @ + -DIDUL 1 .DGNKRGD $SSOLFDWLRQKRI VLPSOHVVWV

GLPHQVLRQDO QRQOLQHDU HYROXWLRQ HTXDWHRQV 1HZ

> @1 . 9LWDQRY = , 'LPLWURYD + .DQMIXDWRGRIQ H® G H

DSSOLFDWLRQ WR QRQOLQHDU 3'(V $SSO ODWK &RPSXW



> @ $ - 0 -DzZDG O ' 3HWNRYLF $ %LRRDRHWRRBGILRG

QRQOLQHDU HYROXWLRQ HTXDWLRQV $SSO ODWK &RPSXW

> @ (0 ( =D\HG $ QRWH RQ WKH PRGLILHG VLBBDH HTXE

7DVVR*20YHU HTXDWLRQ $SSO ODWK &RPSXW

> @ < 8JXUOX ([S IXQFWLRQ PHWKRG IRU IMWDKOH HVIRKMHV QRRQ

ODWKHPDWLFD $HWHUQD

> @ 7DVFDQ $ %HNLU $ WUDYHOLQJ ZDWHR@REXWYRQY IRI

LQWHJUDO PHWKRG $SSO ODWK &RPSXW

> @ ( )DQ + =KDQJ $ QRWH RQ WKH KRPRJHQHRXVY EDODQ
+

> @ ' $UVHYHQ 7 =L $Q DQDO\WLFDOEVYWXGQ JRKR PIRVKRI S

SHUWXUEDWLRQ PHWKRG &RPSXW ODWK $SSO

> @0 - $EORZLW] 0 $ $EORZLW] 3 $ &ODRQ HRQDBRRIQ

DQG LQYHUVH VFDWWHULQJ &DPEULGJH 8QLYHUVLW)\ 3UHV\

> @0 5 OLXUD %DFNOXQG WUDQVIRUPDWLRQ 6SULQJHU

> @ + %XOXW 6 6 $WDV + 0 %DVNRQXWWRPHVQR YN OVIR

&DKQ+$0OOHQ HTXDWLRQ &RJHQW 3K\V

> @6 9 3HWURYVNLL + ODOFKRZ DQG % /SUHGDWRD U K

VIVWHP 3URFHHGLQJV RI WKH 5R\DO 6RFLHW\ $

> @5 $ .UDHQNHO . ODQLNDQGDQ DQG OWEWROXWYRQD @

GLIIXVLYH SUHGDWRU SUH\ VAIVWHP &RPPXQ 1RQOLQHDU 6F



> @$ $ $0 4DUQL $ (EDLG $ $ $OVKDH@\.KDQ O DMNRED

4 =KRX 6 3 ORVKRNRD 0 5 %HOLF 2SWLFD®+"\DRAHDRQV

PRGHO E\ 5LFFDWL HTXDWLRQ DSSURDFK 2SWLN

> @ 6 $UVKHG $ %LVZDV ) % ODMLG 4 SKRFD® $RORWH

LQ ELUHIULQJHQW ILEHUV IRU /DNVKPDQDQ 3RSDBMIRY'DQ

PHWKRG 2SWLN +

> @ $ %LVZDV < <LOGLULP ( <DVDUWRQY IRQUT DIXNWIKPLD ¢

3RUVH]LDQ 'DQLHO PRGHO ZLWK GXDO GLVSHUVLRQ E\ WUL
+

> @ $ %DQVDO $ %LVZDV + 7ULNL 4 =KRX VR O3 WHRYK DN

JURXS LQYDULDQW VROXWLRQV WR /DNVKPIDEBQV3RQBGH3IED C

2SWLN +

> @ 5 7 $OTDKWDQL 0 0 %DEDWLQ $ IRILVDDYVY K BQD KW

3RUVH]LDQ 'DQLHO PRGHO E\ VHPL LQYHUVH YDULDWLRQDO

> @ $ %LVZDV 0 (NLFL $ 6RQPH]RJOXQVU Z0L WKDGDMWHQHQ

JURXS GHOD\ DQG GXDO GLVSHUVLRQ IRU /DNVKPDWID®D 3R L

IXQFWLRQ PHWKRG 2SWLN +

> @ - 9 *X]PDQ 5 7 $OTDKWDQL 4 =KRX 0 ) ODKPRRG

$ %LVZDV 0 %HOLF 2SWLFDO VROLWRB® PRG HDN ¥ KW B QDS

WHPSRUDO GLVSHUVLRQ XVLQJ WKH PHWKRG RI XQGGHWHUP

> @ 6 S$NFDJLO 7 $\GHPLU $ QHZ DSSQIEO®SNLRQ RI WKH

iTo



> @5 +LURWD 7KH 'LUHFW PHWKRG LQ VROLWRQ WKHRU\

> @ - % =KDQJ : ; OD OL[HG OXPS NLQRQVREBRWXWQ ¥ DWK
$SSO +
> @ + 4 =KDR : ; OD OL[HG OXPS+NLQN VR®XW LEDW KW R
$SSO +
> @ : ; 0D ; <RQJ + 4 =KDQJ '"LYHKUWILRWQVRWRQWHKIHJDF

GLPHQVLRQDO ,WR HTXDWLRQ &RPSXW ODWK $SSO

> @ + 2 5RVKLG : : 0D '"\QDPLFV RI PL[HG[WK@G6H®ROL
x x GLPHQVLRQDO VKDOORZ ZDWHU ZDYH PRGHO 3K\V [t
> @ : /LX < =KDQJ OXOWLSOH URJXH ZDY H MROXW ERQY QR
HTXDWLRQ $SSO ODWK /HWW

> @ * ) 'HQJ < 7 *DR - - 6X & & 'LQYIWIORQ@W URAW HDL
JHQHUDOL]HG GLPHQVLRQDO <Xz7R G DZR BDVID H)X N\ DRLX
$SSO ODWK /HWW

> @: ; 0D ,QWHUDFWLRQ VROXWLROQRQWR WKH GLPRQ\DL BRI
JURQW ODWK &KLQD

> @ 7 ;LD 6 ;LRQJ ([DFW VROXWLRQV RILTV EGHPNDR@L
VROLWRQ HTXDWLRQ ZLWK V\PEROLF FRPSXWDWLRQ &RPSX
> @ 0 .DJHPLQLD 3 7RORX - ODKPRXGLRGLF KDR\CDFPN L R@V
% %0% HTXDWLRQ YLD H[S IXQFWLRQ PHWKRG $GY VWXGLH
> @$ 0 :D]ZD] 6 $ ( 7DQWDZ\ 1HZ RIGARHIHMLR QD OHHL

6KDUPD 7DVVR 20YHU W\SH PXOWLSOH VROLWRQ VROXWLR



> @ = = *DQML ' ' *DQJL < S5RVVWXRLLRQV 6ROLD DWLPHD
JHQHUDOL]HG +LURWD+6DWVXPD FRX30H® HE R QHTNXMHW I$8Q CF
ORGHO

> @ 0 6KDWHUL ' ' *DQML 6ROLWDWNLRI HHQRHA)DDILRIOE
6DWVXPD FRXSOHG .G9 HTXDWLRQ EQW QHZLDI®DO\WKFDO °

> @ 6 *XR / OHL < /L < 6XQ 7KH WARUWRPFH®KEDBFNLE
DSSOLFDWLRQV WR WKH VSDFH+WLPH KUWGFMWH RKQDEL B | 13HKUM
$ +

> @ $ 1HLUDPHK 6ROLWRQ VROXWLRQV RI WKH RAPOIH®DF
.G9 VI\VWHP $SSO ODWK ,Ql 6FL

> @ * 0 ORSKRX ([LVWHQFH DQG XQLTXHQHVW IRR QLM G
GLIIHUHQWLDO HTXDWLRQV 1RQOLQHDU $QDO

> @ * :DQJ % $KPDG / =KDQJ 6RPH NH OROQE® HIHY X QDWW
GLIIHUHQWLDO HTXDWLRQV ZLWK PL[HG ERXQGDU\ FRQGLW

> @ ; =KDQJ ; +XDQJ = /LX 7KH H[LVWHQFH IRQG XOQL
LPSXOVLYH IUDFWLRQDO HTXDWLRQV ZLWKIRRQO®HRDO $@QD
+\EULG 6\VW

> @ % $KPDG 6 6LYDVXQGDUDP ([LVWH®XEEHUWLBVKRX\Q/G DRL
YDOXH SUREOHPV LQYROYLQJ IUDFWLRQD®D GH\ HUH UG GWLD O

> @ $ % (PDG $ 6DODPDQG - + $KPHG GROXMWAVRIQRQRCL
%XUJHUV HTXDWLRQ $PHULFDQ -RXUQDO RI &RPSXWDWLRQ



> @ $ <RNXV ' .D\D 1XPHULFDO DQG H/[BoRW NRIO/NWHTRXDWVI
- 1RQOLQHDU 6FL $SSO *
> @ 7 $ 6XODLPDQ 0 <DYX] + % XOXRKWQ RI OW KAD YUNIRF/XL

FRXSOHG YLVFRXV %XUJHUVYT HTXDWLRQ LQYROYLQJ OLWWL

> @ + %XOXW < 3DQGLU 6 7 'HPLUD\ ([®F WTXROL\R DR QK

XVLQJ JHQHUDOL]HG .XGU\DVKRY PHWKRG ,QVWH UIMDPMRLQR QD

> @ 5 .KDOLO 0 $ +RUDQL $ <RXVHI 0 6DEDEXD® $
GHULYDWLYH - &RPSXW $SSO 0DWK +

> @ ) ODKPXG 0 6DPVX]]JRKD 0 $ $NEDU HKW KRG NMUDO
REWDLQ H[DFW WUDYHOLQJ ZDYH VROXWLR/@W R IH WKMHVE R
5EHVXOWYV 3K\V

> @ $ 0 :D]ZD] 1HZ VROLWRQV DQG NLORYONHXWTRDW L\A
$SSO ODWK &RPSXW +

> @ < 8+XUOX ' .D\D $QDO\WLF PHWKR SDIRW LWDROGWIDHUY K
HTXDWLRQV 3K\V /HWW $ +

> @ - 7 3DQ : = &KHQ $ QHZ DX[LOLDULFBWRQLR®R MR\
6KDUPD 7DVVR 20YHU PRGHO 3K\V /HWW $ +

> @ $ %HNLU $ %R] ([DFW VROXWLRQV IR SQR@FMQHRIU
PHWKRG 3K\V /HWW $ +

> @ < +H 6 /L < /RQJ ([DFW VRCRXWQRQY MR DWKHR QK B\

LPSURYHG H[SDQVLRQ PHWKRG - $SSO O0DWK
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Step 1: Let us combine the real variablesx and t by a combined variable
as

uft/=u /; =P:F, wt (2.2)

where P = li + mj + nk and T = xi + yj + zk with real constants |; m; n,
wave amount k and wave velocity w.

By the above relation the Eq. (2.1) converted to the ordinary
differential equation as follows

G.uu;u 8 8 8/=0 ; (2.3)
where G is a polynomial in u. / and its derivatives.

Step 2: Consider the trial solution of Eq. (2.3) as
2 o . 1,
=L !
St ; (2.4)

with real constants A;.i =0;1,8 ;n/ and unknown function S. /.

Step 3: By balancing the derivative of highest order and nonlinear
terms in Eq. (2.3), we can find the value of nin Eq. (2.4).

Step 4: From Egs. (2.4) and (2.3), we get a polynomial of .S™. /_S. //
and its derivatives and .S. //*T;.i = 0;1;2;§ ;r/, and then equating
the coefficients of .S. //*T;.i = 0;1;2;§ ;n equal to zero. This pro-
duces gives an algebraic system which can be solved to obtainA;.i =
0;1;2;8 ;n/,S. /. Then we can find the solution of the Eqg. (2.1).

Remark. In comparison the MSE scheme with the simple equation
scheme}’ it is seen that simple equation scheme depend upon an
auxiliary equation (Riccati equation) but MSE scheme is independent
and can perform directly without help of any auxiliary equation. On
the other hand, Simple equation gives results which are special caseof
Modified equation scheme.

3. lllustrative examples

Here, we include two examples to make clear the suitability of th e
MSE scheme to solve nonlinear models declared above.

3.1. Example-1: Traveling wave solution of Cahn Allen model

Let us consider nonlinear model given as
U = U * U™+ (31)

For m = 3, Eq. (3.1) suits to Cahn Allen model. 1%16:35 This model
occurs in various scientific areas including biophysics, quantum p hysics
and plasmas. To solve this model, we use transformation = kx +
wt, for wave amount k and wave velocity w. Taking help of this
transformation, Eq. (3.1) converts to an ordinary differential equation

wu * kK?u '+ u3* u=0: (3.2)

Balancing ud with u~ we receive the unknown order of solutionas n=1.
Hence the trial solution Eq. (2.4) takes the form as

S’/
/= Ag+ A ———: 3.3
u ot Arg— (3.3)
NOW, we can compute the terms:
L= A A, 22— 3.4
u T (3.4)
s s’/ S

— +2A,

u.l= Alss '// *3A; (3.5)

S2. S./
Putting Egs. (3.3) (3.5) in the Eg. (3.2) and equating coefficients of

same powers ofSS—'//, we gain:

Coefficient of .S. //°: A3* Ay=0; (3.6)
Coefficient of .S. /[ : * k?A;S™ . [+3A3A;S . /
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+WA;S . /* A;S. /=0; (3.7)
Coefficient of .S. /12 : * wA, S’/ ?+3k3A,;S". /S™. /

+3AAZ S [ 2=0; (3.8)
Coefficient of .S. 1/ : Aj.A2*2k% S’ | °=0: (3.9)

From Eq. (3.6), we achieve Ay = 0;1,*1 ;and from Eq. (3.9) we can
receive the valuesA,; * Oand thus A; =, 2k and

- 3k2-3A§*1/+ w.w * 3 ApA,/

— 3.10
S k2.w*3 AgAq/ (3.10)
Integrating we have
3k23AZ*1/+ w.w * 3 AgA,/
S =c exp. (3.11)
k2.w*3 AgAq/
From Eg. (3.8), we also get,
From Eg. (3.8), we also get,
3¢, k2 3k2.3AZ* 1/ + w.w *3 ApA,/
SI. - LY L Ly (3.12)
w* 3 ApA; k2.w * 3 AgA,/
Integrating Eq. (3.12) one time, we have
s- 3c,k4
3k2.3A2* 1/ + w.w* 3 AgA,/
3kZ.3AZ*1/+ w.w* 3 AgA,/
. exp. [+ ¢, (3.13)
k2.w * 3 AgA,/
Using Egs.(3.12) and (3.13), we attain to the solution
3K2.3AZL+ W3 AgAy/ /
U= A+ 3c,A k2 . Ry W R .
T WEBANA, 3¢,k4 3k2.3AZ*1/+ W.W*3 AgA,/ I+ !
3K2.3AZ*L/+ W.W*3 AgAg/ exp. K2.w*3 AgAq/ &
(3.14)
where = k.x, QS—Et/ with w =, «%k. Here c; and c, are arbitrary
constants. .
u_
Case-l: For the setAy=0;A; =, 2k, we get
u_ w23 k2
_ 3 201k3 exp. K2w/ / . (3 15)
- w 3ck4 W23 K2/ ' '
w2*13 k2 exp. W.kzw/ I+c
where =k.x, é%t/ with w =, «%k.
_ 3K . .
If we choosi G = ozgyz: then we arrive to the solution
2 % 2 2 % 2
u=, \Lvu_3_k 1 +tanh wor3 k% ; (3.16)
2wk 2wk?2
where =k.x, %t/ with w =, «%k.
4
If we choose ¢, = * Wit;iz, then we arrive to the solution
< -
2 % 2 2 % 2
uz, WISk g cotp WISKD (3.17)
2wk 2wk?2
where =k.x, «%t/.

Since ¢; and c, are free parameters, for various selections of ¢,
and ¢, it provides abundant novel exact solutions of the Cahn Allen
model. The achieved solutions from Egs.(3.16) and (3.17) are depicted
graphically in Figs. 1and 2.

u_
Case-ll: For the setAy=,1 ;A; =, 2k, we get

u_
6k2+w.w*3  2k//

u_
exp. =
3 2gk3 2w
u=,1, G WS A . (3.18)
w*3 2k 3cik4 p 6k2+w.w*3  2k// I+ ¢,
6k2+w.w*3 2K/ k2w*3 2/
for = k.x, %t/ with w =, %k. Here ¢, and c, are arbitrary

parametric values.



M.S. Ullah, H.O. Roshid, M.Z. Ali et al.

Fig. 1. Kink wave of the solution Eq. (3.16) with k=1.

Fig. 2. Single-kink wave solution of the Eq. (3.17) with k =1.

3k ) .
If we choose ¢, = ——= 24—, then we attain to the solution as
6k2+w.w*3  2k/

u_ u_ H u_ U
276k2+w.w*3 2k 6k2+w.w*3 2k/
u=,1, — l+tanh ——My———
kw*3  2k/ kz.w*3 2k/
(3.19)

where = k.x, %t/ with w =, e%k.

4
If we choose ¢, = * ¥y then we attain to the solution as
6k2+w.w*3  2k/
u_ u_ T H u_ U
276k2 + ww * 3 2k/ 6k2+w.w*3 2k/
u=,1, t— l+tanh ——8§—
kw=*3  2k/ k2w*3  2k/

(3.20)

where = Kk.x, e%t/ with w =, %k.

Since ¢, and c, are free parameters, for different selections of ¢;
and ¢, it provides abundant novel exact solutions of the Cahn Allen
model. The achieved solutions from Egs.(3.19) and (3.20) are similar in
diagrams Fig. 1 and Fig. 2 respectively. So, we exclude these equations
for convenience.

Again with commercial software, we can also get various solutions
of the Cahn Allen model (solving from Egs. (3.7) and (3.8)).
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For the set of solution A = 0;A; =, ! 2k, we getS. / = a+
bexp., _ 2k/.
Thus arrive to the solution
b . u
ux;t/ =, = with =k x,3t_ 2 :

a coshé#—= -sinhe&= +b
2k 2k

(3.21)

If we consider a_b = exp.2c/, then Eq. (3.21) reduces to well known
solution

H U
ux;t/ =, L 1+tanh , al—_x+ 2’t+ c (3.22)
2 2 2
u_ u_
Forthe setAp=1;A; =, 2k, wegetS. /= a+bexp., _ 2k/.
Hence arrive to the solution
b U -_
ux;t/=1* = with =k x,3t_ 2 :
a coshe= ,sinhe= +b
2% 2%
(3.23)

If we consider a_b = exp.2c/, then Eq. (3.23) reduces to well known
solution

T H U
ux;t/ = L 1+tanh al—_x+ §t+ c (3.24)
2 2 2

u_ u_

For the setAy=*1;A; =, 2k, wegetS. /= a+bexp.- _ 2k/.
Hence we attain to the solution

b ':I -_

ux;t/=*1* = with =k x-3t_ 2 :
a coshé#—= -sinhe=— +b
2% 2
(3.25)

If we consider a_b = exp.2c/, then Eq. (3.22) gives to well known

solution
H U

, al—_x+gt+c

2

Since a and b are free parameters, for different selections of a and b
it provides abundant novel exact solutions of the Cahn Allen model.

Choosing a_b = exp.2c/ we get special type solution like Egs. (3.24)
and (3.26), but for other choose a and b in different way we can get
dissimilar type of solutions. Thus Egs. (3.24) and (3.26) are particular
type of our solutions.

Graphs of the solutions Egs. (3.21), (3.23) and (3.25) represent
kink type wave propagation (like Fig. 1) for same positive/negative
values of the arbitrary constants ¢; and c,. But to get single soliton like
wave propagation (like Fig. 2) from the same solution, we have to pick
opposite values of arbitrary constants ¢; and c,.

uxt/=* % 1+tanh (3.26)

3.2. Example 2: A diffusive predator prey model

In the predator prey model including any type of natural disaster,
the cycle can be reflected as a flow that may be periodic or remain
unchanged like soliton and may be considered as a nonlinear wave phe-
nomenon allied to a large amount of significance in modern biophysics.
Here, we deliberate a model of two combined nonlinear models relating
the spatio-temporal kinetics of a predator prey model, 23

<
U=Uy* u+.l+ /UP* B uv
3 ; (3.27)
Vi = Vyy + kuv* mv* v
with positive constants k; ;m and . Research has been done from
several angles to find a solution to the predator prey model. 3334 For
further convenience, to visualize the kinetics of the dispersive p regator
prey model have expected the relations asm = and k + 1_ =
+1.
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Hence the Eg.(3.27) converted to

u_
UW=Ug* u+.k+1l  JuP* B+ . (3.28)
Vi = Vg + kuv* v * v '

Analogously, we bring in the variable = x * wt, and make the

transformation u.x;t/ = u. /, to convert Eq. (3.28) as the following form:

T

U Fcui* u+.k+1 JR* B* uv=0

. ; 3.29
v +cv +kuv* v* v3=0 (3.29)
forc* 0. o
To solve the Eq. (3.29), consider the relation v=u_  to convert
the system to a single equation and we finally attain,
u +cu* u+ku?* BB=0: (3.30)

Balancing u® and u” in Eq. (3.30), yields m+2 = 3m ™ m= 1. So Eq.
(3.30) has the following solution

u /=ag+a // anda; ‘* O (3.31)

where a; and a; are constants and need to be determined. Inserting
Eq. (3. 31) in Eq. (3.30) and equating the coefficient of same powers of

. II"1; i=0;1;8 ;3 and setting each of them is identical to zero; we
have an algebraic system as below

kag* ap* a3=0

wa; . /*. a;+3afa *2kaga/ . /+a ./=0
*3a, ./ .1 *.wa;* kaZ+3aas ./ Z=0;
2a, * a3 13%=0
From first and last equation of the above algebraic system, we get three
types of solutiong _ 0 _
3 = 0iay =, 2andag = sk+ kZ*4a /,a =, 2anda =
sk* K2*A ay =, 2
Casel: When we considera; =0 and g =, ! 2.
Set-1: For t[}e solutlon a; =0 anda = ! 5 we getwc*)t@gr/ parametric

valuesw= —2.k,3 kZ*4 /and ./=c +Ce 3
Using these parametric values in Eq.(3.31), we can find the solution

of the Eq. (3.28) as follows
u_ u_
2 c.w*  2k/

=%
. 3 c+ cl cosh#+srn bl

(3.32)

u_
where =x* Tz.k,3 k2*4 /tand#z%.w* 2K/ .

5, we get remain-

u
=L\107andaa = *
k2*4 [ and ./ = ¢ +

2
Tk,3

Set-2: For the solution a
ing parametrlc values w = *
€ éw+ 2/

Using these parametric values in Eq.(3.31), we can find the solution
of the Eqg. (3.28) as foIIows

us ?2 ot gfrcl);h# fz/m hel (3.33)
where = x+ : k,3 k2*4 /tand # = %.w+u§kl -

Case-2: When we consider ag = 3.k + Y& a7 and a =, "2

Set-1: For the solution a; = %.k + ! k2*4 [ and a = ’ 2, we get

remaining parametnc values

2 K*3 K4 Jand . /= C + CE
Using these parametric values in Eq.(3.31), we can find the solution

of the Eq. (3.28) as foIIows

Usu bl
27 2w+k+3 k24 /
w="%* e—,k 6 .
2

Ve 12 " irs 1a
3 C, + ¢;.coshi# + sin hit/

u= %.k+ , (3.34)
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2 K*3 KZF G Jtor

where =x* =x+a1—§ktand#:?2. 2w+

k+3 kz*4 | .

_ o_
Set-2: For the solution a, = 3.k + k2*4 /anda = * 2 we get

remaining plg‘arametric‘: values

Fk*3 KZ*¥4 land . /= ¢ +ce
Using these parametric values in Eq.(3.31), we can find the solution

of the Eq. (3.28) as foIIows

u_ g

w= slko* ?2 s i@ I
2

1, U— 10, “awr kes" k2*4/
=Z-k+ k2*4 [+ 2 ; 3.35
! 2 3 C, + ¢;.cosh# + sin h#/ ( )
U— -0 _
where —x+—k*3 K2*4 Jtor =x* el—éktand#z?z. 2w *
k*3 k2*4 /.
] 1 u___ u_
Case-3: When we considera; = 5.k * k2*4 [anda; =, 2.
u_ u_
Set-1: For the solution a; = %.k* k?2*4 [ and a; = 2, we get

remaining puarametrig values

Zk+3 kZ¥4 Jand . /= ¢ +ce
Using these parametric values in Eq.(3.31), we can find the solution

of the Eq. (3.28) as foIIows

u_ g
*_2 %3 K2RA
w=* ek 6.2w+k3 K24
2

102. 2w+k*3 k2*4 !
37 ¢, + c.cosh# + sin h#/
) U-Q_

where = x* 2k+3 k2*4 ftor =x+al—§ktand#:?2. 2w +

[ p—
k*3 kZ*4 /.

VP
u= Z.k* KkZ*4 /*

; (3.36)

NI

ua__ u_
Set-2: For the solution ag = k2*4 [/ and a; = * 2, we get

remaining parametrrc values

2 K+3 K54 Jand . /= c + e
Using these parametric values in Eq.(3.31), we can find the solution

of the Eq. (3 28) as foIIows

1=
5K
[V

u_ [V [p—
we abkx 2 = 2w ke3 kP4 r
5K

16, “awr ks k2*4/

1
= Z.k* k2*4 I+ = ; 3.37
! 2 3 ¢, + ¢y.cosh# + sin h#/ ( )
U— C -0
where —x+—k+3 K2*4 Jtor =x* al—éktand#:?z. 2w *

k + 3 kz*4 | .

If we plot Eg. (3.32) with particular choose of the constants such
that k2*4 > 0, then we achieved progress of spaces as kink type that
is population density is stable and lies between two asymptotic state
u=0tou=0:85with ¢, =¢c,=w= =1;k =2 (seeFig. 3a). But
if we set the constants such thatk?*4 < 0, then most of the times
population are stable except some times and periodic (seeFig. 3b with
¢ =c=w= =1;k=1). On the other hand when ¢, or c, negative,
then density of species unstable and increases unexpectedly (se€ig. 3c
with ¢, = *1;¢, = = 1;k = 2). Fig. 3d: perspective view of
Eq. (3.33) for ¢, = ¢, = w = =1;k = 1. The other solution gives the
same type of situation with similar conditions on the parametric valu es.
So we avoid the similar figures again.

4. Comparison

Here, we compare our solutions with the solutions of other re-
searchers obtained by some renowned schemes as exp-function scheme
first integral scheme and Bernoulli sub-equation function scheme. The
details are included as follows:

(&) Comparison with Exp-function scheme Ref. 11: Ugurlu'® ob-
tained some solutions of the Cahn Allen model via exp-function scheme
in which solutions ug; ug are identical with our solution Eq. (3.21) when
b=1;a= by and the other solutions are different with their solutions
(For more see the Ref.14).

(b) Comparison with first integral scheme Ref. 16: Tascan and
Bekir'® obtained some solutions of the Cahn Allen model via first
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Fig. 3a. Kink wave view of Eq. (3.32) for c,=¢c,=w= =1;k=2.
Fig. 3b. Kinky-periodic lump wave view of Eq. (3.32) for c;=¢c,=w= =1;k=1.
Fig. 3c. Singular-kink soliton view of Eq. (3.32) for ¢, =*1;c,=w= =1;k=2.

integral scheme in which solutions Eq. (3.16) are identical wjth our
solutions Eq. (3.21) (when in our study a = b = 1;k = *1_ 2 and
in their study ¢; = 0) and ug; uy are identical with our solutions Eq.
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Fig. 3d. Kinky-periodic lump wave view of Eq. (3.33) for c;=c,=w= =1;k=1.

(3.21) when b = 1;a = by and the other solutions are different with
their solutions.
(c) Comparison with the Bernoulli sub-equation function scheme
Ref. 35: Bulut et al. *° derived six solutions of Cahn Allen moggl and all
of these are special gase of our sgjutions. When we puk =*  2_3 ¢, =
ay2ck?=E;k=* 23¢=2 2d;gk?’=Eandk=* 230c=
3 2d;2¢,k? = E in our solution ( Case-l i.e., Eq. (3.15)) reduces to
solutions uy, u, and ug of Ref. 35 respectively. Similarly, we see that
the solutions u,; us; Ug are special case of our solution (Case-ll i.e., Eq.
(3.18)). Our results have more free parameters which can be converted
to diverse types of dynamical behavior for diverse choices of free
parameters.

In contrast, by employing the MSE scheme in this manuscript we
have achieved four solutions with simple calculations.

5. Conclusions

In this paper, the MSE scheme has been effectively employed for
finding the exact solutions and dynamics of the Cahn Allen model
and the dispersive predator prey model. We presented abundant new
exact explicit solutions of the exponential form of both Cahn Allen
and diffusive predator prey models with some free parametric values.
We derived particular solutions from the general exponential func tion
such as stable kink soliton and kinky-periodic rogue wave solutions;
unstable singular kink wave solutions of both models. We also derive
particular solutions from the explicit solutions selecting some defin ite
values of the free parametric values. Lastly, the variety and graphic
representations of the composition make the models dynamic. Stable
and unstable situations are explained in detail from the analysis of
the profiles. By comparing the MSE scheme with different schemes,
we can claim that the MSE scheme is frank, simple, proficient, and
can be applied in numerous nonlinear models. In existing schemes for
example, the .G _G/-expansion scheme, the Exp-function scheme and
the tanh-function scheme, it is essential to employ suggestive calaila-
tion software like Mathematica or Maple to solve the intricate algebr aic
equation. No auxiliary equations are needed to solve non-linear models
by using the MSE scheme.
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Introduction

Optical soliton dynamics is an engineering marvel in telecommu-
nications industry [ 1 10]. An inherent problem with the dynamics of
pulse propagation across trans-oceanic and trans-continental distarces
is its polarization. This is attributed to several factors such as the
randomness of fiber diameter, rough handling of optical fibers and
many others. These factors occasionally lead to hi-bi fibers. It is often
a challenging task to retrieve the soliton solutions to the models that
are studied in the context of high birefringence.

One such model that has been around for a fairly long period is
the Lakshmanan Porsezian Daniel (LPD) model that was first reported
in 1988 and later gained a lot of popularity [ 11]. A wide range of
integration algorithms have been implemented to secure soliton and
other solutions to LPD model in the context of polarization-preserving
fibers [12], including exp.* . //-expansion scheme [L3], trial equation
scheme [14] and many more [15 18]. Today's work will retrieve

< Corresponding author.
E-mail address: mehmet.ekici@bozok.edu.tr (M. EKici).

https://doi.org/10.1016/j.rinp.2021.103958

soliton solutions to LPD model with differential group delay by uni-
fied approach that was first reported during 2018 [ 19]. As it will be
revealed, the algorithm could only expose singular solitons. The details
are jotted in the rest of the paper after a quick re-visitation of the m odel
and the integration algorithm.

Governing model

The dimensionless LPD model with Kerr law nonlinearity has the
following form [ 15,16,20]:

XXXX+p3 <+q8 Xg +r6 @ XX
+ 2<5+s88: (M)

i (ta ,th 4+cd & =

In Eq. (1), x and t represent independent spatial and temporal variables,
respectively. The dependent variable  represents the complex wave
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function. Next, the parameters a, b, ¢, and s signify group velocity
dispersion, spatio-temporal dispersion, the coefficient of Kerr law non-
linearity, the coefficient of fourth order dispersion and the two-photon
absorption, respectively. Finally, the p, g, r and terms account for
several forms of the nonlinear dispersion. Solitons are possible for a
sustained delicate balance of dispersion with the nonlinear terms.

For birefringent fibers, the model can be divided into two parts of
a vector representation. Avoiding the properties of 4WM, the above
model reduces to [13,14]:

iUp + AUy + bug + ¢ &F +d; &F u
= 1uxxxx + plu)% + qlvi U< + rl 8"x§ + Sl Slxg u
+ gaF+ AT u+ P VPO

+ f,ad+ afafF+# a8 u ®)

IV + BV + vy + & F + dyaF v
Voot PVEH G Vi 8 E s, @ v
+ LAF+ LA v+ VP P VG
+ f,ad+ ,aFad+#,ad v (3)
In Egs. (2) and (3), g;f; for j = 1;2 represent the self-phase and

dj; j;#j with j = 1;2 stand for the cross-phase modulation effects,

respectively.
Mathematical analysis

Consider the following transformation of this coupled system

ux;t/ = Hy. /expi / (4)

v.x;t/= Hy. /expd' / (5)
where H, and H, are the soliton amplitude components and
=x* $t (6)

is the traveling wave variable with the soliton speed $ . The phase
component ' is as below:

=t kxtwt+ " )

with frequency k, wave number w and phase shift". Inserting Egs. (4)
and (5) into Egs. (2) and (3) and sorting out the real and imaginary
parts leads to the following equations. The real part is

W+ a k2 bokw + Kk JH *L g+ KEp g+ o+ fIH3

+FH3* dy+ K2y * sp+ ot oIHLH2+ L HRH P

+#H . H ol +p + r/H H 2+ g+ sp/H H

*oap* b$ +6k% JH, +. o+ JH2H]

+.on+ fLHPH + HA =0 (8)
while the imaginary part is
$ +2a.k* byk$ +w/+4k® JH *2kp,+ o H2H,

+2K. o * o/HH2*20kH HH *4k H3¥ =0 9)
with n=1;2 and p=3* n. By the balancing principle, one can write
Hy=Hpy (10)
From Egs. (8) and (10), we can rewrite
W+ ak?* bokw + K JH %o+ dy+ K2, # RH3+ 3 HS

+LHpH /2% ap* by$ +6k2 /H +RH2H + HY=0 (11)
where
Jp="f,+

n+#n; hn:pn+qn*rn*sn;
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La=PatOh+ra+sy Ry= p+ o+ pt+ g (12)
From Egs. (9) and (10), one can rewrite
$ +2ak* byk$ +w/+4k3 H

*2KPo+ Gh* nt nt o* oH2ZH *4k H¥=0: (13)

Thus, the third expression of Eq. (13) gives , = 0. Hence the solutions
of the coupled system Egs. (2) and (3) will be presented for the
fourth order dispersion omitted. The other terms in Eq. (13), yield the
following relation

nt n=Phtht nt g (14)
and therefore the soliton speed is
VoW * 2 gk

$= 1* vk

(15)

for b, = % Comparing the values of the soliton velocity, Eq. (15) gives

A% bkl bow *2 ak/ = . 1% bykl.byw * 2 a.k/: (16)

Therefore Eq. (11) can be written as

W Ak * bkw/H  * . g+ dy+ K2+ RH3+ I H3 + L H . H /2
*Lan* by$ /H, +RH2H =0 17)

Application of unified method to LPD model
Assume the trial solution of Eq. (17) is
Ho /= AVs. /i+B"s. /' (18)
i=0

where A;Y; A" and B;" for i = 1;2;§ ;N are real constants andsS. /
satisfies Riccati equation:

S. /=82 [+ (19)
Eq. (19) has nine solution categories according to three cases:
Case-1: Hyperbolic functions (when | < 0):

o—  u_ u_
h * C2+D2%1*C *lcosh.2 *|. +E/l

n o— ’
n g___Csinh2 > +El+§
R* * C2+D?l* C *lcosh.2 *I. +E/
| © — )
s /= In Csinh.2 *I. +E{+D (20)
nsg, 2C *| _
|® p— | © pupe— 1
N C+cosh2 *I. +E/gsinh2 *I. +El
n U— 2C *|
n* *| + L& p— t— )
J C+cosh.2 *I|. + E//*sinh.2 I. +E/l
Case-2: Trigonometric functions (when 1> 0):
[V [ u_
h .C2* D%1* C lcos2 I. +E/
n L
n g Csin2 I. ¢ E/+ P
R* .C2* D2/1* C lcos.2 |. +EIl
® - )
s /= In . Csin2 I|. + E/(+fp_ 1)
nti, . ®ic | _
N C+cos2 I. +El*isin2 I. +El
n U- . 2C |
p*i 1+ t— t— ;
J C+cos2 |I. +E/f* isin2 |. +E/
where C* 0and D, E are real arbitrary constants.
Case-3: Rational function solution (when | =0):
s /= 1. 22)

+E
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To identify the value of N in Eq. (18), balancing H 2H " with H ? yields
N =1. Eq. (18) takes the form
Ho /=AY +AYS. 1+ B"s. I (3)
Then putting Eq. (23) along with Eq. (19) into Eq. (17) and after some
calculations, we pose the following sets of solutions:

A |
Set-1: Ag" =0; A" =M B =0
w = k33 ab, * k 2L2k, * 2 kI2L R,b, + 2KIJ janb, * k238,

+12L2+ 2121 R, + 213 jay/_. 3, k202 + 212 * 2 kb, + 1//

Gy =* K*h,L b2 + 2k*h, R 0% + KL \R,b2 + 2k*R202 + 2K?Ih L b2
+4k2Ih R,b2 * 2 K2IL 2b2 * 4 KL R, b2 * 2 k3h,L by * 4 k3h,Ryby,
*2 k3L \Ryb, * 4 K3R2D0, + K2L b2d,, + 2k?Rb2d,, * 2 1L 2p2
*8 12L ,Rb2 * 8 12R21? + 4KIL 2b, + 12KIL ,R b, + 8KIR 2y, + 2IL b2,
+4IR b2d,, + k?h L, + 2k?h R, + K°L R, + 2k2R2 * 2 KL ,b,d),
*4KRb,dy *2IL2*6IL R, *4IR2*2 3 @, + Loyd, + 2R, dy/_.K2L b2
+2K2R 0% + 2IL b2 + 4IR [02 * 2 kL b, *4 kR, + Ly + 2R,/

Set-2: A'O"’ =0; A'l”/ =0; B‘l”’ =M,
w = .k3Jpa,b,* k 2L2b, * 2 KIZL Ry, + 2KIJ hagb, * k2 a, + 12L2
+212L Ry, + 21 pan/_. 3. k202 + 212 * 2 kb, + 1//

Gy = * k4L b2 + 2k*h Rb2 + k4L \R,b2 + 2k*R2b2 + 2k?lh L b2
+4k2Ih Rb2 * 2 K2IL 202 * 4 KL \Rb2 * 2 k3h, L ,b, * 4 k3h,R b,
*2 k3L \Ryb, * 4 k3R2b, + k2L \b2d, + 2k*R,b2d,, * 2 12L 2k2
*8 12L R b2 * 8 12R2P2 + 4KIL 2, + 12KIL Ry, + 8KIR 2b, + 2IL ,b2d,,
+4IR \b2d,, + k?h,L, + 2k?h R, + k2L R, + 2k2R2 * 2 kL b,d),
*4KR\bydn *21L2* 6L (R, *4IR2* 2 J @, + L ndy + 2R, d,/_ k2L 02
+2k?R,b2 + 2IL b2 + 4IR ;b2 * 2 KL b, * 4 kR b, + Ly + 2R,/

Set:3: AY =0; Al =M BY =M
w =*8 M 212k L 2b, + 16M 212kJ L ,R b, * 6 M 2IkJ Za b, * k33 L qa.b,
*2 k33, Ra,b, + 8KIZL 3b, + 3212L 2R, b, + 32KIZL \R2b, * 8 M 212J L 2
*16M 212 L "R, * 2 KIJ (L ha,b, * 4 KIJ \Rya,b, * 6 M 21 2a, + k?J,a,
+2k?J Rya, *812L3*3212L 2R, *3212L \R2*21J L ,a, * 4 13 \Rya,/
_.J,.63,02M 21 + K2L b2 + 2k?R 07 + 2IL (b2 + 4IR b2 * 2 kL by,
*4 kR b, + L, + 2R,/

¢, =*.6 k2, J M 2* 6 k23 L \b?M 2| +12kJ L o.M 2| + 12kJ R oM 2|
+2k?Ih, L b2 + 4k?lh R, b2 * 4 k2L R b2 + 12KIL \R,b, *6 J,L M2l
*6J,RM2I*2a,J,+2k?R2*2IL2*4IR2 + L d, + 2R d, * 241%L 202
+2K*R2P2 * 4 k®R2p, * 80 I2R202 + kN, L, + 2k?h,r, + k2L R, *6 1L R,
*8812L R, b2 + k*h,L b2 + 2k*h, R,b2 + K*L R 02 * 2 K2IL 262 * 2 k®h, L b,
*4 k3, Ryb, * 2 k3L R b, + k2L 02d,, + 2k?R b2d,, + 4kIL 2, + 8KIR 2b,
+2IL o2d, + 4IR b2d,, * 2 kL ;b,d, * 4 kR b, * 8 123,62M 2 * 24123, R b?M 2
+6J,b2d,M 21/_.63 0BM 2l + k2L b2 + 2k?R 02 + 2IL b2 + 4IR b2 * 2 kL b,
*4 KR, b, + L, +2R,/

for .

R

n-—n n.
— 5,
Using Egs.(20) (21) (22) and Egs.(4) (5), with the help of the solu-

tion Set-1, we obtain the following eighteen exact solutions of Egs. (2)
and (3):

M, =,

[V u_— u_— |
* C2+D2/l* C *lcosh.2 *I. +E//
— expl' ]

Upg- Xt/ = My
Csinh.2 *I. +E//+ D

[«
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I B u_ |
* C2+D21* C *lcosh.2 *1. +E/l
Csinh.2 _E +ENl+D

U — u_— |
* * CZ+D2/l* C *lcosh.2 *I|. +E/

Vi Xt = My
H

expl’ ]

o

Upp. Xt/ = My t— exp[’ ]
. Csinh.2 *]. +E/l+D
Huou u_— u__ |
* * C2+D?I* C *lcosh.2 *I. +E/ ,
Vip. Xt/ = My t— exp[’ ]
Csinh.2 *I. +E//+D
HU u_ |
— 2 |
Upg. Xt/ = My |+ t— c t— expli ]
H C+cosh.2 *|. + EL[{*sinh.Z I+ E//I
u_ 1
Vg Xt = M, | + t— 2 ! t— expli' ]
H C+cosh.2 *I. + E//*sinh.2 I. +E/l |
N u_
u__ *
Uy Xt/ =My % %1+ t— 2 t— expli' ]
H C+cosh.2 *I|. + El[J/*sinh.Z . + E//I
u_ Py
VigXith= M, ¥ I+ t— 2 7 t— expli' ]
C+cosh.2 *I. +E//*sinh.2 I. +E/l

which are all singular soliton pairs. Further, one arrives at the foll owing

periodic solutions:
Hu |
expl' ]
|
expl’ ]
|

- u_ u_
.C2* D2/1* C lcos.2 I.
L®
Csin.2 I'U +E//JEJD
CZ* D2/[* C lcos2 I. +E/
L®
Csin2 |. +E//+D
u_— u_ u -
* .C2* D2/|* C lcos.2 I. +E/

Ups. Xt/ = My
Hu

Vs Xt/ = My

Upg-Xit/ = My t— expli’ ]
Csin2 |I. +E//+D
Ho_ 0. U |
* .C2* D2/|* C lcos.2 I. +E/ .
Vg Xt/ = My t—= expli’ ]
Csin2 |. +E/l+D
H N u._ |
- *9
Uit/ =My 0T+ g 1, expl' ]
H C+cos.2 |. +E/* isin2 I. +E//I
u_ 2ic |
Vi Xith= My 01+ t—= 2ic | £— expl' ]
H C+cos.2 |. +E/*_isin2 |. +E/
Vi
- 2iC |
Uit/ = My *i 1+ — - expli’ ]
H C+cos.2 |. + E//S isin2 . + E//I
u- 2c 1
VigXitl=M, *i I+ C : expl' ]

© @
C+cos.2 I. +E/* isin2 |I. +E/
Ml

Upg. Xt/ = E expli' ]
M
VigXitl = —2 expl ]

where M, and w are come from Set-1 and’ =* kx + wt + ". Here u;q
and vy.¢ are the rational solutions to the model.

Using Egs. (20) (21) (22) and Egs. (4) (5), with the help of the
solution Set-2, we obtain the following eighteen exact solutions of Egs.
(2) and (3):

Ml
Upy X;t/ = o t— exp[’ ]
* C2+D2/I* C *lcosh.2 *I. +E/
Csinh.2 *1. +E/+ D
Ml
Vor Xt/ = t— t— expli’ ]
* C2+D2I* C *lcosh.2 *I. +E/
Csinh2 *I. +E//+D
M, ,
Upo Xit/ = — t— t— exp[’ ]
* * C2Z+D2/l* C *lcosh.2 *I. +E/
Csinh.2u *|. +E//l+ D
MZI '
Voo Xt = —tr— tH— ft— expli ]
* * C2+D2I* C *lcosh.2 *|. +E/

Csinh.2 *I. +E/l+ D
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Upa Xit/ = = t— expli' ]

C+cosh.2 *I. +El*sinh.2 *1. +Ell
Ml
Vg Xt/ = < 2 — expli' ]
u— 2C *|
|+ t— t—
C+cosh.2 *I. +E//*sinh.2 *I. +E/
M4l
L expli |
2C *|
I+ t— t—
C+cosh.2 *I. +E// *sinh.2 *I.
Ml
Vog Xt = — Z
u— N 2C *I R
* I + & pupe— |© jpe—
C+cosh.2 *I. +E//*sinh.2 *|. +E//

These constitute another set of singular solitons. Next, the periodic
solution pairs are

Upg- Xt/ =

u
*

*

+ E//

expl’ ]

M4l
Ups Xt/ = ot exp[' ]
.C2* D2/I* C lcos.2 |. +E/l
Csin2 I. +E/l+D
Ml
Vos. Xt/ = ——— expli' ]
.C2* D2/1* C lcos.2 |. +E/l
Csin2 I. +E//+D
Ml
U Xit/ = — o o= expll' ]
* .C2* D?I*C lcos2 |I. +E/
Csin2 I. +E//+D
Ml
Vo Xitl = —fr————— expl[' ]
* C2*DZI* C lcos2 I. +E/
Csin2 I. +E/f+D
Ml
Up7. Xt/ = — - exp[' ]
U *2iC |
i+ t— t—
C+cos.2 |I. +E/* isin2 |. +E/
Mol
VorXitl= — 24— expll’ ]
M- *2iC |
i+ t— tH—
C+cos.2 I. +E/* isin2 |I. +E/
Ml
Upg. Xt/ = — L o4 expli' ]
LU R 2ic | R
i 1+ H— t—
C+cos.2 I. +E/* isin2 I. +E/
Ml
Vog. Xt/ = — - expli' ]
u- 2iC |
*iol+ £

= t—
C+cos.2 |. +E/* isin2 |. +E/
Upg-X;t/ = Myl. + E/exp[l' ]

Voo Xt/ = Mol + E/exp[' ]

where M, and w are come from Set-2 and"' =* kx + wt + ".

Similarly, using Egs. (20) (21) and Egs. (4) (5), with the help of
the solution Set-3, we obtain the sixteen exact solutions of Egs.(2) and
(3). But, Eq. (22) does not provide any exact solution of Egs. (2) and
(3) for the solution Set-3.

Conclusions

This paper revealed soliton solutions to LPD model with differential
group delay. The polarized solitons are thus retrieved and exhibit ed.
The scheme implemented is the unified approach which yielded sin-
gular soliton solutions only. Singular solitons are applicable to model
optical rogons, but not optical solitons, and the algorithm, evidently,
has a few drawbacks. The method fails to retrieve the much-needed
bright solitons and dark solitons. Also, this scheme is unable to produce
N -soliton solutions to the governing model. Moreover, a profound
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drawback is its inability to locate soliton radiation that is inevi tably
present once linear and nonlinear dispersion terms are embedded in the
model. Thus, to conclude, the unified approach is not of much use in the
study of governing models that give rise to optical solitons. From the
applications perspective, this integration algorithm cannot be applied
to obtain bright or dark solitons in any model. It can only be used

to address optical rogons that are supposedly modeled with singular
solitons. In addition, singular solitons cannot be plotted. This paper
therefore concludes with analytical results for only singular soliton s
obtained by the aid of the unified method.
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construct lump waves and collision of lump with periodic waves via the Hirota scheme. We also present
collision between lump wave and single-, double-kink soliton solutions, and the collision among lump,
periodic and single-, double-kink soliton solutions of the model. In addition, we explain the “ssion
properties of the collisions. It is noticed that collision of lump-kink waves split into double kinky-lump
waves and gradually increases the number of such waves as the increase of , which was not found in
the previous literature. Finally, we graphically present the nature of the collision solutions of the model
in 3D and contour plots. The derived such wave solutions may have much more important for controlling

Periodic wave
Soliton solutions

unpredictable harmful waves arises in nature.
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1. Introduction

The soliton theory, which is one of the three sections of non-
linear science, is broadly used in various areas of physical science
such as "uid mechanics, nonlinear optics, mathematical biology,
ecology, chemical kinetics, plasma waves and others [1..8]. Various
reliable and effective approaches have been suggested to address
the solitary waves such as the (G/G)-expansion method [9], the
generalized Kudryashov method [10], the Hirota bilinear method
[11], the tan-cot method [12], the tanh-coth method [13], the di-
rect algebraic method [14], the Modi“ed simple equation method
[15], F expansion method [16], the sine-Gordon expansion method
[17,18], etc. Lump wave is one of the most important parts of
solitary waves and have diverse properties [19..25]. In 1977, the
simplest lump wave solution was primary reported by Manakov et
al. [26]. The study of lump wave solutions has been used in op-
tical “ber [3], oceanic science [27], atmospheric science [28] and
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harunorroshidmd@gmail.com (H.-O. Roshid).
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so forth. Recently, the multi-type collisions between lump/rogue
and periodic waves are investigated in [29], and collisions between
higher-order rogue waves and diverse types of n-soliton solutions
are investigated in [30] as well. Thus such studies are highly fo-
cused on the viewpoint of the combination of quadratic functions
with the exponential or trigonometric or hyperbolic functions to
explain the nature of the collision of kink, lump, rogue and pe-
riodic waves for produce kinky-lump, kinky-rogue, periodic-lump
wave, periodic-rogue waves and kinky-periodic-rogue wave for the
NLEEs [31..38]. Based on the motivation of the above study, we
consider the BBSmodel [39..42]:

xt =0 (1)

where is the function of spatial variables x, y and time vari-
able t; for the study of new dynamic phenomena and the physical
behavior of different collisions among lump, periodic and soliton
solutions.

Such interaction was not studied in the previous literature of
the BBSmodel. Fission phenomena of kinky-lump wave were not
derived in any nonlinear models and it is the “rst step of this
model. These type studies of the model are still unexplored and
have much scienti“c interest.

wxy T4y xxt 4 x xyt
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We will here “rstly obtain the bilinear formation of the model
Eq. (1) to construct lump and periodic wave solutions and their
various collision solutions. Then the dynamics of those solutions
will be clearly illustrated.

2. The bilinear formation of the BBSmodel

Consider the conversion relation as below

3
= E(In ) x 2

with real function ( x,y,t) to be determined.
Inserting the relation Eg. (2), in Eq. (1), then we can write

(In ) ooy + 6N ) xy(In ) xxx
+6(In ) xx(In ) xxy + (IN ) 5t = 0. )

Integrating the Eq. (3) with respect to x, then we have

(In ) xx+ (N ) xexy+ 6(In ) xy.(In ) = 0. 4)

By considering the linear terms of Eq. (4), we have

(In) 5+ (In ) xuxy = 0. %)

By using the bilinear operator D, the Eqg. (5) can be written as

(DxDy + DyD3) f.f = 0, (6)

when the D-operator [11] is de“ned by

(Dx"Dy*D") f.g

= — JR— P JE— — S —

X1 X2 Y1 Y2 t1 t2
X f(x1, y1,t1).9(x2, y2,t2) .
Thus Eq. (5) reduces to

><té t xt3 x xyé3 x xxy T ><><><yé XXX y:0- (7

Clearly if  satis‘es Eq. (1), then = g(ln ) x directly generates
the solutions of the governing model Eqg. (1).

3. Lump wave solution of BBSmodel

To obtain the lump wave solutions of the BBS model, consider
an ansatz of the following form

= (p1x+ p2y + pat)®+ (qix+ g2y + gat)® + |, (8)

where pi1, p2, P3,01,02,03 and | are free parameters. Setting
Eg. 8) in Eq. (7), we have an algebraic system in p1, p2, p3,
d1,02,03 and |. By solving this system via Maple 18, we have
ps =03 =0, p1= p1, pz=g%. 01 = 1, G2 = g2, | = |, then
the Eq. (8) can be written as

2
& 0102
= PxS Y F (At @y)t 9
1
By combining Eg. (9) and Eg. (7) and putting p1=qgq1=02=1= 1,

we have the solution of Eqg. (1) as depicted in Fig. 1. Due to guar-
antee is localized in every direction, | have to be considered as
a positive constant. In this case, the optimum amplitude of the

solution is occurred at the points (+ %,0) with the am-
q1

p1°+

; 3 pi%+ai? &3 Ppi?+qi?
plitudes 3 | and S35 -
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Fig. 1. Pro“les of the lump solution Eq. (1) for p1=g1=qg2=1= 1.

4. Collision among lumps, periodic waves, and soliton solutions
4.1. Collision between lumps and periodic waves

To study the collision scenarios between lump and periodic
waves, consider a function constructed by double quadratic form
and a sinusoidal function

=( 1x+ ay+ 3t)?+ ((1x+ 2y+ gt)?

+1+ cos( 1x+ 2y+ 3t), (10)

where 1, 2, 3, 1, 2, 3, 1, 2, 3,l and are free parame-
ters. Inserting Eq. (10) in Eq. (7), we have an algebraic system in
1, 2, 3, 1, 2, 3, 1, 2, 3,1 and . By solving this system via

Maple 18, we get the following results:

Casel: 2= 3= 2= 3= 2= 3=0, =, 1= 1, 1=
1, 1= 5n,I=1L
Case2: 1= 1, 2=S 22, 3= 3= 1= 3=0, =, 1=

2

1, 2= 2, 2

For case 1, the Eq. (10) can be written as

= ( 0%+ ( 10)2+ 1+ cos( 1X). (12)
For case 2, the Eq. (10) can be written as

2
y o+ (1x+ oy)P+l+

cos( 2y).  (12)

Using Eg. (11) and Eg. (7) and selecting 1= 1= 1=1=1,
we have the solution of Eq. (1) (see Fig. 2). Fig. 2 exhibits as a
single kinky-lump wave for = 1 (see Fig. 2(a)) but it is going to
split into double kinky-lump waves even large number of kinky-
lump waves due to “ssion of wave for the increase of (see the
Fig. 2(b-d)) gradually. Beside this, by choosing 1= 1= 2= 2=
| = 1 and setting Eq. (12) in Eq. (7), we have the solution of Eq. (1)
(see Fig. 3). The solution in case-2 exhibits as a single lump wave
for = 1 (see Fig. 3(a)) but it is going to split into double lump
waves due to “ssion of lump wave for the increase of (see the
Fig. 3(b-d)) gradually. The energy distribution is symmetric over all
the periodic lump waves while it travels (see Fig. 3).

4.2. Collision between a lump and a single-kink soliton
To construct the collision of lump wave and a single kink soli-

ton, we consider a function constructed by double quadratic form
and an exponential function
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@A=1 b A=10

Fig. 2. Pro“les of the kinky-lump wave degenerate into periodic kinky-lump wave gradually via solution

@ A=1 b A=38

Fig. 3. Pro“les of collision solution

=( 1x+ oy+ )2+ (1x+ oyt 3t)?
+ 1+  exp(mix+ may+ mgat), (13)

where 1, 2, 3, 1, 2, 3,M1,My,m3,l and are real free con-
stants. Setting Eg. (13) into the Eg. (7), we have an algebraic sys-
tem in 1, 2, 3, 1, 2, 3,M1,my,m3, | and . By solving these
equations via Maple 18, we get 1= 1, 2 =3 1—12 3= 3=
m=mg=0, 1= 1, 2= 2, M=my I=1, = , then the
Eg. (13) can be written as

2
y o+ (1x+ y)P I+

exp(mzx).  (14)

Using Eg. (14) and Eqg. (7) and selecting 1= 1= 2=my=1=1,

= 10, we have the solution of Eg. (1) (see Fig. 4). The Fig. 4
exhibits the dynamic processes of collision between lump waves
with a single kink wave solution. We observe that the lump wave
is downed and consumed by the kink compare with single lump
wave Fig. 1 and "ow pattern being congested from one side.

4.3. Collision between a lump and a double kink soliton

To make the collision of lump wave and a two-kink soliton, we
assume a function constructed by double quadratic form and a co-
sine hyperbolic function

=( 1x+ 2y+ at)’+ (1x+ py+ 3t)?
+ 1+ cosh( 1x+ y+ 3t), (15)

where 1, 2, 3, 1, 2, 3, 1, 2, 3,1l and are free parameters.
Setting Eq. (15) in Eqg. (7), we have a system of algebraic equations
in 1, 2, 3, 1, 2, 3, 1, 2, 3,1l and . By solving these equa-
tions via Maple 18, we obtain 1= 1, »=S 12, 3= 3=
1= 3=0, = 1= 1, 2= 2, 2= 2,1=1, then the Eq. (15)
can be written as
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() A=80 @ A=50000
of Eq. (1) for 1= 1= 1=1=1.
© A=16 @ A=17
of Eq. (1) for 1= 1= 2= ,=I=1
Fig. 4. Pro“les of collision lump solution  of Eq. (1) for 1= 1= ,=myx=1=1,

= 10.

2

S L 2%+ (1x+ ay)P+l+

cosh( 2y).  (16)
1

By combining Eg. (16) and Eq. (7) and setting 1= 1= 2= 2=
=1, = 10 and inserting, we have the solution of Eqg. (1) (see
Fig. 5). The Fig. 5 exhibits the dynamic processes of collision be-
tween lump waves with two kink waves. We observe that the lump
wave is downed and consumed by the kink waves compare with
lump wave (see Fig.1 and Fig. 4) and "ow pattern being congested
from two sides.

4.4, Collision among lump, periodic and a single kink wave
To achieve the collision among a lump wave, a periodic and a

single kink solution of Eq. (1), we assume a function constructed
by double quadratic form, a cosine and an exponential function
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Fig. 5. Pro“les of collision lump solution

=( 1x+ oyt )P+ (1x+ oyt gt)?+|

+ jcos( 1x+ 2y+ 3t)+ exp(mix+ mpy+ m3),

17)

where 1, 2, 3, 1, 2, 3, 1, 2, 3, M1,Mz,mg,l, 1 and ; are
real free constants. Setting Eqg. (17) in Eq. (7), we have a system of
algebraic equations in 1, 2, 3, 1, 2, 3, 1, 2, 3, M1, Mz, M3,

I, 1 and 5. By solving these equations via Maple 18, we have
1= 1, 2=S 112. 3= 3= 1= 3=mp=m3=0, 1= 1,
2= 2, 27 2, 1= 1, 2% 2, 2= 2, mx=my, =1 then
the Eq. (17) can be written as
12 2
— & 2
= xS y +(1x+ 2y)
+1+ gcos( 2y)+ zexp(mzy). (18)

Using Eq. (18) and Eqg. (7) and putting 1= 1= 2= 2=my=
=1, = 2, we achieve the solution of Eg. (1) (see Fig. 6). The
Fig. 6 exhibits the dynamic processes of collision among lump
waves with single kink and periodic wave solution. We observe
that the lump wave is downed and consumed by the kink wave
compare with lump wave (see Fig. 1 and Fig. 4) and "ow pattern
being congested from one sides. Besides this, effect of periodic
function makes the “ssion phenomena. The solution (see Fig. 6)
exhibits as a single lump wave for 1 = 1 (see Fig. 6(a)) but it
is going to split into double lump waves with ;1 = 15 (see the
Fig. 6(b, c) and Fig. 6(e, f)). In fact, it is shown that one lump of
them goes to diminish and another one still unchanged for 1= 17
or more increasing values.

4.5. Collision among lump, periodic and a double kink soliton

To construct the collision among a lump wave, a periodic and
a two-kink soliton, we assume a function constructed by double
quadratic form, a cosine and cosine hyperbolic functions

=( 1x+ 2yt )+ ((1x+ oyt gt)i+|

+ gcos( 1x+ y+ st)+ pcosh( 1x+ 2y+ 3t),

(19)

where 1, 2, 3, 1, 2, 3 1, 2o 3 1, 2, 3, 1 and  are
free parameters. Setting Eq. (19) into the Eq. (7), we have an alge-
braic system in 1, 2, 3, 1, 2, 3 1, 2, 3 1, 2, 3|, 1 and
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of Eq. (1) for 1= 1= 2= =1=1, =10.

2. By solving this system via Maple 18, we have 1= 1, 2=

S-12 = = = = = =0 = = =
1 3 3 1 3 1 3 » 1 1, 2 2, 1
1, 2= 2, 2= 2, 2= 2,1=1, then the Eq. (19) can be writ-
ten as
1 2 2
— S 2
= 1xS y +(1x+ 2y)

+ 1+ 2cosh( 2y). (20)

1cos( 2y) +
By using Eg. (20) and Eq. (7) and putting 1= 1= 2= 2= 2=
=1, ,= 2, then we acquire the solution of Eqg. (1) (see Fig. 7).
The Fig. 7 exhibits the dynamic processes of collision among lump
waves with double kink and a periodic wave solution. We observe
that the lump wave is downed and consumed by the kink com-
pare with lump wave (see Fig.1 and Fig. 4) and "ow pattern being
congested from two sides. Besides this, effect of periodic function
makes the “ssion phenomena. The solution Fig. 7 exhibits as a sin-
gle lump for 3 = 1 (see Fig. 7(a)), but it is going to split into
double lump with the increase of ; (see the Fig. 7(b-f)) gradually.

5. Conclusion

The main result in this paper is the procedure of obtaining the
lump wave solutions and a class of interactions among lump, peri-
odic and the soliton solutions of the BBSmodel by using different
ansatz functions. In particular, for the double quadratic polyno-
mials in the structure of the solution provide a lump wave so-
lution that pro“les are depicted in Fig. 1. We explicitly present
interactions between lump and periodic waves, lump and single-,
double-kink soliton solutions of the model. We also show how to
interact lump with periodic waves, and single-, double- kink soli-
tons, and to produce dynamical various structures such as periodic
kinky-lump waves, periodic lump waves, lump-single, -double kink
solitons, periodic-single, -double kink solitons. All interaction soli-
tons are depicted in “gures Fig. 2 to Fig. 7. It is observed that the
results are much interesting as they present the causes of “ssion
properties of the lump waves, which are presented in the “gures
Fig. 3, Fig. 6 and Fig. 7. It is included that the new dynamics may
be enriched by the nonlinear behavior of the model and even can
be found in other nonlinear models.
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@ A4 =1

@ 4 =15

Fig. 6. Pro“les of collision solution
(@ /11 =1
@ 4 =20

Fig. 7. Pro“les of collision solution

b 4 =9
© 4 =16
of Eq. (1) for 1= 1= 2= 2=mp=1=1
® A4 =5
@© 4 =30
of Eq. () for 1= 1= 2= 2= 2=1=1,

2= 2.
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